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The Mathematical Collection "DELTA” is intended for the serious student who is
interested in extending his knowledge of mathematical problems and techniques of
solutions. It covers a very wide range of mathematical subjects and includes many

novel and non-standard approaches.

| recommend it very strongly to the student who wishes to deepen his
mathematical understanding, and in particular to those preparing for olympiads and

other competitions.

Prof. Joseph Gillis
Weizmann Institule of Science,
Rehovol.
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Dear reader !

oo, nf apecial mathemstical issue for puplls
in Israsl. In Qp’ oF ul perience of hig number of predecessors
we hope tha* this dttempf won t tail. We decided to ) enterprise to
a logical end and the mathematical collection ﬁf articles of the one author
call mathematical magazine for pupils and publish it with rot large number
of circulation. Absence the word "magazine” on the title is not accidently.
All unsuccessful attempts show that maybe 7uqt such shape of issue is not

Lafmr, vou another

4

appropriate for Israsl. We won t analyse the causes, however. the analys
has done and taken account within publﬁshlng thl imasue. This first issue
can become a first issue in the series "Delta” of mathematical issues for

pupils who are interesting in mathematics. Suggested that following issues
will be & continuation of preceding issues and despite of structure variety
and contents thev 11 constantly contain some "obligate” departments such as
"Delta s problems”. "Delta’” s competition”. "Solutions”. "Olympiads™,
"Telta s school”. Suggested to include the department. on computer sciencsa.
Sugpested presences of department "Information” where can be carried out the
reverase connection with the readers.

Our aim is to give a chance to the interested in mathematics and i1ts
applications highschool pupils to get a deeper knowledsg extend mathematical
out lock, amplify technics for solution of unordinary and complicate problems,
accustom to the research, creative work and to the process of cognition.
Restriction such pupil by school program and text-book even very good means
te stop his development, because just independent., overtime work over
things what has been chosen by own desires (not by compulsion). & chance to
chooge a direction and move on are able to crsate from an interest the men
who s able to create. Of course. here s the greats role plays a teacher who
ie abhle to nobice such pupil. doesn t miss him and direct him. Therefore
we hope that “mathematical collection” will be useful for teachers too.

Despite we predict most propably objections and wishes to form, contents,
design and other attributes of similar issues. we open for critics and wea
hope the first step will be assess at its true value and on a i ¢ which
ecould allow the "Mathematical “olletf1mh’ trn live for who in the close
future become (or nﬁt neacme) an intellectual power of this state.

"Nelta” & anncunce’ in "Information’ ).

~ 3




This magazine is not for fun reading which is accessible for who has

special

alloy of character, interest, diligence and abilities. it allows within a

lot of time, pen in the hand and sheet of paper, to be immersed into
wondertul world of harmony and triumph of mind called mathematics.

fou reader, no once yvou feel weak facing difficult problem or rlace.
don"t despair ! Think indefatigly. try again, look for ways out from
deadlock. overcome the top and the light of an idea bright your mind
the flash of truth light the dark up and dispel the fog, and a brief

of happyness reward vou and arm vou by faith to own power before the

the

But

up, and

instant

face

of a new problem, new trial which vou wish to vourselt. And so, go ahead !
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I apite of this izsgue WOS intended for puptls, L.@. for school, the
department "Delta’ at ths school’ suggested to be useful since its has
suffictentily special destination - throw light upen guestions which are
lirked with base course of school mathematics, with complicate and delicate

places wnto its, with preparation on graduate exams on mathematics.

We suggest to  carry Lt out by articles, solutions in detail of problems which
WOLE offered on graduate exams  or simlarly thy  levelr probklems. As well in

the aeach LssUS it suggested to be o  “Delta”s problem s ” LN which we are going
to offer vou nordinary problems grouped corresponding to contents of base
school COUTSES fuls} mathematics for ©,10,11,12 forms. Solutions of problems of

the current issue number will be zhown in ths next ilssue.

AT I IASINSLTE S = =3I FEREEmS =
JRTHUEGURABL, ELEMEMNTDTS C
Sib e dilwndinfit daiad Esdedatasdt? & B

Alt Arkady
"Blikh' school

Ramat-Gan

We shall start from simple and most probably well-known facts.
Theorem 1. The midpervendiculars or perpendiculars drawn to the midpoints of
triangle’ s sides intersect at one point which is alsc a centre of the

circle circumscribed about triangle.

Thecorem 2. The altitudes in triangle intersect at one point which is to be

zaid orthecentre of triangle.

Note 1. 1f triangle ABC is obtuse then the altitudes and midperpendiculars
intersect outside of triangle.

o

Ho, we ha
1. Midper
circle, t
naturally

ve following objects:

vendiculars, points of their intersection which is a centre of the

ﬂwanﬂle dprlved by mutually connection midpoints of triangle and
call by midtriangle (see fig.f).

2. The altitudes h_.h_.h_dropped to sides a.b.c respectively. the point

of their intersection is the orthocentre. triangle derived by mutually
connection of altitude s bases is the orthotriangle (see Ffig.2).

Before going on we remind vou well-known fact of existence a point into
trianglie which is egualremoted from triangle s sides (the point of bisectors
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intersection) and it follows the center of the circle inscribed into
triangle (see fig.3).

In what follows we shall dencte the radius of the circle circumscribed about
triangle by R, the radius of the circle inscribed into triangle by r.

. . . . . at+b+c . .
As usual 5 is noticon of area of the triangle and p:w~~§——' ia an semiperimeter
of triangle.
iang 8

G
A

‘\\\“»H”—M‘(‘_ﬁ“ A 5] C
KIM - midtriangle A1 Bi 01 - orthotriangle A S=p.Z (&
fig f fig 2 fig 3

Now finished the introduction into region of necessaryv concepts we shall
appeal to the series of problem where the main role play altitudes of triangle
and orthogonal elements of triangle, i.e. perpendiculars drawn from some

roint to the triangle s sides.

We start from geometric correlations (equalities and inequalities) in which
altitudes participate.

a-h i:vhh o h

- - - o
PR . a 8 e . 25 . 2-8 S
1. Bince 8=-—F5 = — = —= . then a=-+-"=, b= , ©= == _ Hence,
= e L h h h
a b c

in particular

i 1 ] Sy s

a: b == @ = : = {1
h h h
o b <

4////«;/@'
By usineg this fact we can carry triangle building out by three given sides.

2. From other hand, a+b+c = Z2p = 25'(~£—+f£—+—l-) <> E =—£-+—£-+f£- =
h h h 5 h h h
a kB e a b o
] 1 1 1 -
R S S (2
e h h h r (2)
a b <
3 g = a'b-sin » _ 25 25 sin 3
M 2 " h h 2
a b

. by ()
&= - T Y - L2
481n ¥

where ¢ ia an angle between the sides a & b (fig4

4. h = brsin ¥ and since bv the sine thecrem B=ZF-zin 5 & =in r:~g§— we
€ P
A . ; . . . . . b
get two formulas for hlz haiaﬂ'ﬁln 3-ain ¥ & hl=7ﬂ$*



S={p (p-a) (p-b) (o-¢c) . then

{p—k) (p-c)

Praove that h < dp (p-a) . (When 574454 Z/y Aoé/??)

6. Prove that if —==-=+-=  then y=120°,

-
. ) .. ab 2R 1 1 - .
Solution GSince =55 . wWe get —— = —-+-— &> a+b = ZE. Then by cosine
= ZR ab a b
z_ 2z .2 _ ) , - . .

theorem o =a +b -Zab-cos » and by the sine theorem =ZRsin y=(a+bh) sin ».

) 2 L2 2 z2 .2 . , . 2 2
Hence, {(a+b) —(a+b) -cos 'y = 5 +b ~Zab-cos r & Zab {(l4cose ¥iz=(a+h) -cos
N Lap Y T - T - _.2»» o . -3 2~, l - <
2 zab (l+cos ) = dab-cogy > l4cos ¢ Z Z2eoos vy & - 5 Zcos yE1 &

&= ¥ = 123 T.E . Oy,

7. Prove inequality h +h +h z 9 1r.

Solution.

L] rs l
h +h +h = 28 ( —+

—— =y and (at+b+c)- [~

. & 3] A co b e - a b . .
= — 4+ — ) + (— 43 + (= 4+ =) = B. As long as — +—=2, since
"o a ) ( o a ' ( e b 6. As long as b a ° !
z - . - . A Coam e B T e
A -Zab+bh z0 e (a-b) =0, then similarly otk oAy Te. .

Notice that each of altitudes in triangle is greater than 2r. Actually.

. A= . . . a+b+ce . 28
na:~74-, but  a<p since a<-——3 b+c—-a>0. Thus. h :f%b =Zr.
- & b
. . 21 1 1 _ s
8. Prove inequality S— < ==+-3-<—, h.,h are any altitudes of triangle
r hi h? Yt i’z

Solution.

~h = bosin
i < h hh b-aj =2in » = b-a. since O<sin rgl.
hL = in y

c

Therefore equalityv is possible when =20, i.e. when Lriangle is right Y
with a.b its legs and in this case h =b & h_=a./4ef try oo the samme ”“ﬁk‘z )
AABC é5 Zreangl weth Agde anp&s andg = Re oo RELL Y

10, Let'AAi & BB1 be an altitudes drawn

from the vertex A & B onto sides BC & AC
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vrespectively (£igd ). <A0B=£B 0A =180°-C=
= A+RB. since inside ofquadrangle(ﬂ%OAi
two of the angles are right. And AAOCizﬂ,

<BOC=A as an angles with mutuallv perpen-

dicular sides. Therefore. if we circumscribhe
a circle round the triangle AOR with R’ is

its radii, then by sine theorem we obtain fig 4
: o C . . vy -y . - N 4
2R = - = — = 2R, i.e. E=R, where R - radii of the circlie
sin(A+B) ain O

clroumsceribed about And so.

The circiss circumscoribed about triangies ADR. BOC. COA { where 1 s ortho-

center) and clrele clrcumsceribed about triangle ABU have the equal radii.

Morecover., we derived the values of angles <AOB= A+B AAUT:A+C, LCOB=C+B.
We 11 see how things will g0 on in the casze of obtuse triangle lsee fig 6 ;.
o) AARC, LC>90°

ZOBA=4B, BA=00" -4, 20AB=2A AB=90"-B - 5
(4

<AQB=180 ~(AOAB+ADBA):A+E. The result is A

the same. Compute <AQC. AAUL‘AA 0C=90" —AOCA

But «0CA ~éBf '—70-{B Hence, AAOCzB (We could

do it brleily AAOLE:zAtﬁA:ZB,msthe angles with A C;_ 8
mutually perpendicular sides. Similarly.

2BOC=<BOC, = /A,

11 . We are going to determine the distance from the vertex of triangie up
to the artocentreD b 6e preacse &2 A0 4hes desonce.

Case 1. ABC is an acute triangle (Ffig 7))

Ry the sine theorem from triangle AOB

we have ————— =0R &= —— Tt — =0R

e — = 2R &= A0 = ZR-cos A =
Py
cos A

- . 2 Coos 'Zli = a-ctg ';’-\ﬂ\‘ ! ﬁ(ﬁ&
. e
sin A

CO=g-ctg C=2

Cage &. ABC is an obtuse triangle. Special situation appear byv computing
the distance from the orthCPntrp to vertex of obtuse angle.
Consider triangle DAC {(see fis & ).



O _ 50
then % =2R s UL =2R
. . ) O -
sin Z0AC sin( 90" -2A0A )
G y o ST
&b el ZDR & OU=Z2R-cog(A+B)=

Pa)
o -, e C .
=-2R cos O=- —2% ooty O
sin ©
Hence by summation the results derived in the cases of acute and obtuse
triangles: .
CA = a-|ctg Al = 2R |cos A
OF = b ]hg "EZI = ZR- !QOS Pl (51
OC = - |ete C| = 2R |cos O
te. mpute the distance from the orthocentre to the sides. We consider two
cases Tor acute and obtuse triangles. é% )
i. {(see fig 7). /AﬂBC weth qguzle ang ke
OA1 = hﬂ—ER'cos A = ZR-sin B 2in C - ZEK-cos A =
= ZR-(s8in B-sin C + (B+P“) = Z2F-cos B- 5 UL
. - . ore o(f?,za(t'/e an &)
Case &. (Fig &) /ﬂABC “”{A 7
aw; = h +0C = h -2R-cos C = ZR-cos A-cos B
< <
DAl = uA—AAi = Z2R-cos A - h = -2R-cos B cozs (O
L
-y = g
UBi = —-2R-cos B -cos A
Hence we have:
OC cos C . OB cos B i OA cog A e
o0 - : : OR D OA - - =
cos A-cos B i cos A-cos C 1 cos B cos C

(the case of right triangle stroke off as trivial)}.

Now we can formulate derived results as

a) The distance from the vertex to the orthcentre of triangle is egual to
product of the length of opposite side to the absolute value of cotansgent

of the angle by this vertex or the product of diameter of the circlie
circumscribed about triangle to the absclute value of cosine of the angle by
this vertex:

by The distance from the ortocentre of triangle to the side of trianglie is
equal to the product of diameter of the circle circumscribed about triangle
fa the absolute value of the product of cosines of the anglies Ilying by this
de;

h-.i

=

) The ratio of the distance from the oprtocentre of triangle to a vertex

to the distance from the orthocentre to the opposite side is equal to the
ratin of cosine of the angle by this vertex to the product of cosines of the
angles lving by this side.

[Be
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Moreover. we have:

¥

AD-OA, = BO'OB, = CO-0C, = 4K - |cos A cos B cos C| (7)

1

)]

13. Now the point of us bhecomes the orthetriangle, i.s. triangle in which
vertices are the feet of altitudes of the given triansgle.

We consider case of acute triangle and leave the case of obtuse triangle for
the reader. Ho, let ABC be an acute triangle, AAi.BBIJ?a - altitudes,

ABC - orthotriangle:
i 14 1

13.1. Since <AC, C=2AA C=90°., then points C,
&% A are lying on the circle with diameter AC

1 -
(see fig.9 ). But then zCiCA:AC:iAiA:QQU—A

as inscribed and as leaning on the same arc.
Usging similar way for the guardangle ABAlB 7a
1

and angles x:AAlB1 & LABﬁi vields equality

. P [ 5 T . . .
ﬁAAiB:AAﬁBIIQO -A. Similarly,

~

<A C C=£AA C=90°-C & «C B B=<C CB=90°-B.

From this immediately follows that:

at The altitudes of triangle ABC are bisectors in orthotriangle;
b)Y Orthocentre 0 of triangle ABC is the centre of the circle inscribed into
orthotriangle. (Bv the way, what is radius equal to 7)

c) 2BC A =2AC B =C'; <BA C =<CA B =A: 2C B A=<A B C=RB. [t follows that
1 1 i 1 1 4 i 1 i 1 1 1
trianglies A1801 . Ainc and AB1 Ui are similar

Compute the ratio of similitude. For this sufficiently to consider one pair
af triangles ABC & Alﬂci. BClza'cos B. BC=a. Hence, the ratic of similitude

the trisngles ABC & Aﬁﬁa is equal to cos B, Similarly. AJ%C ~ ABC with

-~

ot
the ratio cos é and ABC =2~ ABJ% with the ratio cos A. Thus.

AC=h-cos B, ABzc-cos T, BC=a cos A,
1 1 1 1 1 13

Compute the area of the orthotriangle AJ%C . If 5 is the area of triangle

5
ARC., then

3 ( z, 25 Z - 2z - z = 2 L.
B g5 - 5 (cos"A + cos B+ cos C) =5 (1 - cos A-cos B-cos ()=
b Pl -~ A
e =2.Scosd cosB-cosC

Tompute the semiperimeter of the orthotriangle:

b = a-cos A+ b-cos B + c-cos C
¥ — )

Ly

From this we can compute the radius of the circle inscribed into orthotriangle

13.2. PBut the orthotriangle possesses one more wonderful exclusive property
The perimeter of the ortheotriangie igs the smallest perimeter among all
perimeters of triangles inscribed into given triangle. (Triangle KLM is to be



X
This statement known as Faniano s theorem. We are going to prove this theorem.
or any inscribed triangle KLM into triangle ARC we shall denote the rerime-
r of this triangle by P(K,L.M). Situate the points: point K lies on AB,
lies on AC and M lies on BC. Then the theorem can be rewritten briefly

ind points E,H, F on the sides AB, AC, BC respectively. such that:
P(E.H.F) = oin P(K.L.M)

L<AC
MeEB C

ut since Km&nM P(K,L,M) = m}n {piﬁ P(K.L.M}t we 11 prove it by following

El b

way. Fix the point L on the side AC and find %iﬁ P(K,.L,M). The minimum, of

course, will depend from L as depend from I the location of points K & M on
dil

the sides AB & CD, i.e. we get some function QBZQiQ P(K,L.M) and location

of points K(L) & M{L) (this notion shows dependence of location ¥ & M from [

Than we find location of point H on AC such that d(H)= P&QPd(L) and in this

cage E=K(H) & F=M(H). Actually. d(H)Ed(L)EP(K.L.M). But by definiticon d(H)
is the perimeter of the triangle EFH. This reasoning is the ground of

further actions and algo 1s the plan of solution of this problem.

Let the point I be situated by arbitrary location on the =side AC {see

fig.10 . K & M be taken arbitrary on the sides AR & BC.
Let 1& & I% be the syvmmetric points
to the L relatively lines AB & BC.
[Ji is perpendicular to AB., intersect

AR at the point 5 and bisecting itself

4

by ©: LL, is perpendicular to BC, / Ly
intersect BC at the point T and bisecting \

itself by T. Connect the polints L& & Lb‘

This sesment intersect the sides AB and A Z C
CB at the points Kl H Mi respectively. Fig 10

Connect them with L. Now look what we got:

S50, KIQZEL & ML,=ML. therefore KI&+KM+MLb = P{K.L.M). But IaL%5K£a+KM+MLh A
line segment connecting broken line s vertices. Moreover, location of
points [H‘Lb’K1 & Ml'unique depends from location of L on AC only (it does
not depend from location of K and M).

LK +KM+M L = LK +KM+M L = P(K .L.M ). Thus., independently from the

location K & M on the sides AB & AC: P(KE,L,MiiiP(K,L,ME. In other words,

P(K{,L,Mi) = Q}Q P(K,L.M).

10



, L1 ) . . . . . . - . . .
But =T= E".Lﬁﬁ and it ieg a diagonal in guadrangle LSBT which can be inscribed

. . . 5 E PR, |
into circle so that the sum of opposite anglies would be equal to 1807,

with BL is diameter of this circle. By the sine theorem ST=RL-sin B, i.e.

d(L):LJEZE'ST:Q'BL's£HH% depend exclusively fﬁom the length of BI. 4M¥
get the smallest valueYonly when L is the feetYof the altitude drawn from B
to the side AC. [ﬁyJV) y

We show that if L is the feet 'nf the altitude., then E=K(H) & £ =M(H)

will be the feet of the altitudes drawn to the sides AB & BC respectively
i.e. we're going to prove that EFH is the orthotriangle (figs i 1).

As said above, the quadrangle HSBT inscribed into circle. Connect 5 with T

then., «£SHB=£STBR=A. Similarly, ATSB:b. But since HJ% is parallel to &
(ST is the midline in the triangle Hﬂﬂg)

then A:ABFE:ACFHé:AHFT & b:zBEF:zH;ES:ASEH.

BN

. R Pal ) NN+ B A
Thus, <HEF=180"-2-€. <EFH=180"-2-A and it
means that <EHF=180"-2-B, <EHA=<FHC=B.

So, triangles AEH, FCH, FEB are mutually
similar and each one of them is similar

_ 7
. . . : e moa H<
to the trla.ngieﬂ ABC. with AH=c¢-cos A-/&“ﬁ:‘%ﬁfz&.ﬁe} A 7] C
Thus, ARB=b-cos A and it means that E is
the feet of altitude dropped from C to AB. Fig 11

Similarly. CH=a-cos C & CF=b-cos C and it means that F is the feet of
altitude dropped from A to the side BC. Here we used that a side of triangle
and its projection determine the altitude (such determination is unique).

I think that we ve talked enough about crthotriangle, we arrived to the
third part of this article which is linked with properties of the distance
from arbitrary point in triansgle to the its sides.

Denote by dg’dk’dc the distances from arbitrary point O inside triangle ABC

te the its sides respectively. and considery following problems with those
values.

i FProve min {h .h ,h +=d + d + d = max {h_ ,h .h }.
o 1) o Pe] o < a T‘- c

Whern doeg eguality occur 7 (How do things go for equilateral triangle 7)

2. Find such point O inside given trianele so that the sum of sguares of
the distances from this point to the sides of triangle will be greatest.

3. Prove
a

o

. 8 Pae ]
a . L = ; .
U10. db Oc - 27 abe

When does inequality turn to equality 7

For t.hemfyc'ﬂj all those problem will be useful the formula (also this
formula is useful in other situations).

11



a-d b-d - d ad +b-d +o-d
- a 1= . c . a b [
O R - :

Solutions. (see fig.{12)

: . . 25 - o
Probiem i. Let a=min {a.b.ct., then h === max {h - h o toand
o o L (»] Lol
- . \ 20 N
oo o (d +d +d ) = ——=h =2 d +d +d
P o 3 = & @ o b <
: 25 . , ,
Let asmax {a.b.ct, then h =-7== min {h_.h .h_} and
- PN 25 o . . . -
BE o5 (d +d +d Y e S d +ab+d <« min {h_.h .h } = d +d +d .
2 a b < a o e o fa a b ¢

So i I 1= ]
So. min _ha ,hb _.7hC h da+db+dc .

We re interesting in cases of equality.
a) The triangle is eguilateral, then min %hl,hb.hc}:max {hﬂ,hb,h +, and it
s o Ll L4

follows that for any point O inside triangle d1+dk+drrh, where h is altitude

and 4E cnegea L't bace
then h =max {h ,hb,h b, d +d, +d =h . If O coincides with the
(=3 o Lol oL hS) c

<L
vertex A, then d =d =0 & 4 =h .
o) [l a o

»

)

Let O be not colucided with the vertex A, then d_ or d =0, ;

}

— - {(d +d +d )=
(d_+d,_+d )

[\

, . . & b ] o
From other hand Sz -— -d .~i~w%;k~—--d . Hence,
F4 =1 2 z [}

4 ~b+d -co+d & d a+d - a+d-=a
fal fel [s o ) <

5 = 5 > 5 - = 5. We got contradiction.

Consider now the right-hand side of inegualityv. In the case of equality we
have da+db+dr:hb:h~ {b=c). Let O be lving on the side a. 'Then dlzo and

d, +d_=hzhlprove it by vourself !).

~

Suppose that the point O isn 't lying on the side a, ~ #4her 4£;>0

- o e M S S -z NP PR PR
5 =5 <5 (da+db+dc) 5 hb 5. We got contradicthion.

C
e
h

a<hz=c, then equalitv min {h{,h ,hc}:do+dh+d iz possible when point

0 lies on the side a; eguality max {h .h .h i=d +d +d is possible 1if and

o) b [ oL 1) [
only if the point O coincides with the vertex A.

The case for isosceles triangle az=bKe we leave for the reader.

We consider the case of arbitrary triangle (all =gidesz are digtinct).
Set a<kb<c, then h >h >h Consider case of equalityv h =d +d¥+d
<t <3 1 L 3 c

-

I+ O does not coincide with A, then either 4 or d are not equal to zero.

[» 3 <

i._'
N



= 5. We got contradiction.

SO, LA +d is possible only when point O coincides with A

In the case of equality h_:da+dh+dq we do the same. 1f O coincides with C
o » <

then, d :,hL & dlzdh:O. If point O doesn 't coincide with C., then d <hc &
< = < . Z N

d or d 0. Then
L T

h -c or (d +d +d ) c-d +a-d +b-d
- < _ [ a b . [ a b . . .
R 5 = 5 > 5 . But again we got contradiction.

And so., equality h =min {hq,hh,hp}:da+db+dﬁ is possible only when the point

coincides with the vertex C.

FProhlem 2. ise Cauchy-PBunyakovsky ineguality (see the article in this issue

in department "Delta” s school”) to expression 25 = e'd.+b-d}+a'd . We have
Lo o] a

2 2 . 2 2 2 . 2 2 2 .
45 = (o-d +b-d +a-d V7 =F (¢T4+b +a ) (d+d +d7 )
< o) > o o) e B
z 2z =z 4 - Clz
Hence d +d +d_ = ———— . And equaliily
ot e < Z

R S < - .
occur 1f . = p = . et k be a factor
. I

proportionality, then dn:ka, db:kb, dt:kc-

Show that such point exist in triangle.

Fig. 12 ,/3

Let O ke such point that occur these egualities. Draw through the point Q

from vertices A.B & C lines up to intersection with the sides
at points A .B & C. (fcg./3 )

YaoR 5 T T2 Tmoc 2 = 753 Pace T 2 B 2
Then
= 2 5 2 E C 2
Yacn I AB, ACH o BA, . BC, a  _ Syoc
mTOT T T FT G = = —3 = 3@ @and similarly, TR S L=
MBOc a 17 Yaoc B e T4 t SAOC_
Now., wrove that if we take on the sides of triangle ABC points A1J% & Ci
AB 2 CA 2 B 2
L - & -k - A then 13 AA . BB ,CC intersect at on
— = ; = : = he nes AA BB . CC intersect at one
B® 2 AB 2z T©A 2z~ noLing 1t P8 MYy at oo
1 o : s

point (this point called lemuan s point of the triangie ABC)H.
CA, z AB 2
A B 2 B C ™ =z

1 o 1 a

Suppocse that we alreadyv drew lines AA1 & BB1 andd

bt
oy}

seeeh



Let ¢ be the point of intersection of those lines. Draw the line trough

AC 2
1

point O and C up to intersection with AB at point Ci Prove that Nl - Ul
2 B a

A,Hi CA E’:(._wf-j S b )

v . 1 X AOB COA BOC
Then., as eagily to notice — : = — C e e = L.
B O A B CA o bt =
1 1 1 BOC AOB COA
AB 8. 2 2 2 AC 2
From other } d E Ai € L2 b H T b
om otner nand: : — = - = . Hence ——— T ——
B C A B 2 2 2 O R 2
1 1 £ o a 1 a

{(Using the idea of this proof the reader can easilv prove
Cheve "5 Theorem On sides of triangle ABC taken points: A,.1 on BC, Ci on AR,
Bi on AC. For the segments AAl, BB1 & C(ff1 t.o be intersect at one point O it
is necessary and sufficient that
AB A BC
1 1 1
E C A B C A
1 1 1

= 1

such segments used to oall chevians and the points of triangle Af}%.Ci for
which AAI.BEfﬁxa are chevians call concurrents).

We offer the reader to carry out the constructing of point O in the probhlem.

- . . “ 5 = 2 z .z
And, finally, notice that the smallest value of sum d_+d _+d_ is equal to

2 -
45 1 - = =— + :5;)
— 5 @&nd reaches this value when k= (" — 8408 tSsoctSeos
a +b" +a” a“+b" +c

As exercise we offer to the reader series of geometric inequalities and their

llaries are ancother reachable lower bound for the sum of sguares of the
distance from arbitraryv point of triangle to its sides. However. this lower
bound can be reached if we refuse frowm complete determination of triangle,
i.e. Tor example determination of all 1ts sides.

- = = . where A.R, C are angles of triangle with

77

W

[N

o]
1

. , ; . A . & : . . . \
sides a.b.c (Hint. Frove that sin — = Typs bV the cosine theorem).
f -

A ‘ N I | , oo T T
b} cos - -cos — -sgin — = - . (Hint. Set o = — -A, 3 = — =B, » = — )
z 2 & 2z 2
.2 A 2z B z O . ‘ A
CFosin o+ os1ln e+ o8y %;q}%* . Eauslity is reachable whan A=B=(.
R A A A ~ P -
(Hinrt. Prove - $5ntA et B 150,28 = /=2 ten B 5y Bt 2 )
2 R 2 2 4

b
d) & + & + o % 9 R . Find the condition of appearance of the eguality.
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C i . o
g—-) ., p - semiperimeter, 1r - radius of

2. Prove!&)p = r- (cfg—?"+rtg—ﬁ-+“t

A

the circle inscribed intc triangle.
- 4 . - . . - - . . . - . R

S = 2R -sin A-sin B sin C., 8§ - the area of triangle: R - radius of the circle
circumscribed about triangle.

3. If A,B,C are the angles of triangle, then

~

a) ta A + tg é + tg C tg A-tg é-tg b

! _ C : I C
g/ (‘*tg_‘;‘A- -+ C’tg% -+ C'tg _é_- = (_’j:‘t_}g——é-» cotg -:?m -

4. Prove:
r = 4R-=sin

5. K » 2-r, when equality occur only in the case of equilateral triangle.

(Try to find a geometric proof).

- . o e gy 2 - . - . .
4. Prove S = 3¥3-v . (Hint. Use Heron’ s formula for o, use eguality S=p'r
and Cauchy s inegquality (see article "Variation on inequality theme™)).

7. Prove

A tg B-te C = 373 u cte- cte mg;— > 3Y3.

“C\

. . . . . o 2 2 2 2 . ) zZ
Using inegualities & = 3¥3-r & a + b + o = 9K we geft:
2 4
2 z 2 - o n
d + 4 + 4 = 48 = 12 S
51 < bol 2z . Z 2 2
a +b +o K
In order to in this inequality occur equalityv sutficient that

. .z . 2z .z =z 2 . s . .
S=3A¥3-r & a +bh 40 =9°R, that is possible if and only if triangle is

- 4 . " z 2 2 4- S . .
squilateral and in this case equality d +d +d = —— holds 1if
o |3 c s 2 2
a +b +o
dl:c :dC:a:b:czl:lzl, i.e. when the point O coincides with the centre of the

circle inscribed into trianglie ABC.

Problem 2. By AM-—GM ineguality:
Ao s s N S BN -y
= .3_3+b j’b d

Wi Py 3 3 .

A = — = o - - = -5 5o = abc-c C S d

5 5 3 Jab d -d -d = ST abc-d d d

8 57
s R s = . - - 37 ; . o tv oo e
= 57 = dCL db jc & Y JQ lh d_ hb h . Hauality ccour when
. 1 1 1

a-d =b- = d =, d :d td =— 11— —.

& b dy =¢ i.oe. d rd rd a b I

‘.l
-
oL

o"

by 2-¢

iy
g
]
m
]
ot

Py straightforward division egquality 285 = a<d +b



| = 4 a P4 b + d o -
o= ¢ — i ==y P [n)
2 28 %" 28 = 28
cl .
S
+ + = 1

As exercises prove follows inequalities and find out when equality occur:

2. (h ~d ) (h-d ) (h-d) 2 8d d d

Prove (Carno s theoren:

In arbitrary triangle the sum of distance from the centre of circle circum-
scribed about triangle to its sides is equal to the sum of radiuses of the
inascribed and circumscribed circles, i.e. df1 + dh +d = r + R.

(Hint. Express c%,db,dc,r through R and angleaf of trianglie).
Now one more time go back to the most important orthogonal element of
triangle - altitude.

As before the solutions of concrete problems are the fundamental way of
presentation information.

Froblem FProve pax_ min fh .h ,h t = 3 r, where semiperimeter p is given.
a+rbh+t+Cc=Zp [e} o o
Solution.

Let azZb=c, then hdihyﬁht. In supposition a2bk=c left to prove haSB'r.
o P

3. - .
Since a'ha:Z'SIZP-p, then hgzr-—ig-, But Zpzat+b+c and it means that
atb+c _. b e . ) . ) ,
e =1 + - t = < 1+141 = 3. Eguality occcur when b=a & c=a, i.e. in
=3 i I

the case of eqguilateral triangle.

FProblem Prove ineqgualitv:

; m m Lherwe Ma, e, Ve ACC
(%3 /ll) - a + mb + [ < 1 + _R_ mreoleans /Of :,‘/"c'qﬂyfe o
o, hb b, r the scofed a, 8,0 re s/:eaz‘.:'/aéz /

Solution Let O he the centre of circle radii R circumscribed about triangle
ABC, d 5db,d are distance from the centre to the sides a.b.o respectively.
fe} 9 <
AA =m ; OA=R; OA =d :
1 [&3 1 fal
From the triangle inequality AA{EOA+DA1

or it can he written m,= R + da

Similarly, m =R+d ; m =R+d_.
o

b5

Hence,

m m m_ R+d R+d R+d ;
2y N — = 4 LI © - R(stid 4
h h h h h h h  h_ b
a b < a b c 2 I =

Equality occur if triangle inequality turn to equalities., i.e. when O lies
on the medians and then median coincide with altitude..

16



Therefore, only in equilateral triangle this inegquality turns to eguality.
Attentive reader probably paid attention that in proceed of solutions
appeared secondarv characteristics of trianglie like p,r and R. However,

those three value are determining the triangle no worse then its sides a,b,c.
In particular, we re interesting in connection between altitudes of triangle
and values p,r and R. The role of mediator here will play the area G5,
moraeover we need formulas setting connection between length of the sides of
triangle a,b,c with p,r and R.

We want to express ha+hb+hc, hd'hb+ha-hc+hb'hc, ha'hb~hc through p.r & R

We shall start from most simple thing

2 2 2 2 2
‘ 45 45 485 45 45 - Zp
hh +h-h +h-h = ———+ —=—+ ——= “latbte) =
a hb a ¢ hb < ab be ac abc ( abo
But S=zp-r and from the sine theorem
e - o ab sin © _ abc-sin C _ abke Hence
P = - G = - . Hlence,
s i C 41:\
. .2
, v 45 P r
- + - 4 -h - —_ .2 — iale .

hcx hb hr:.v. h:: hb hc abc pr L R

Find a formula which can express oS through ha'hb'hc.
h -h . h h -5 h -h -h ¢ h -h -h -Z2E
s - a 1) th - a b a b (e o h Py 1 E-h H
DINCe oS T, 1ETT o T = T - = = 5 v .
PANCE S TmeTh » Z-sin ¥ 4-sin ¥ 4 o ol
2 - 2
He S={~Rhhh and h-h-h = 25 - Zrp®
fence. 5 = 4 5 ahb . an h -h -h = R = B .
Left to express the sum ha+hb+h_ through p.r & k:
o
: be ac ab 1 .
i3] § s = . = - i
h o+ hb + hﬂ S + 5 + SR =5 {ab+ac+be).
. - : =2 N . . Ye o L2 ) , P

Bv Heron s formula & =p (p-a) - (p-b) (p-¢) or - -5 = r cp=(p-a) (p-h) {p-c)

= p - p-(a+b+c) + p-(ab+ac+he) - abe. But abe = 4°8'R = 4-p-r-K. atb+c=2p.
It follows that p'rz = —p? - 4dprR + p-{ab+bc+ac). Hence,

2z 2

2 2 : : ) r +p +4rR

ab+bho+ac = r + p + 4rR. Therefore, h + i+ h = "-J%¢v~~wA
a : c A

By derived formulas

2 2
_ Y +p +4rR
h +h +h =-——

R

o .2
h -h +h -h +h -h = “EX
- b '1(.1 ilc g 2*3 - R
b o] _ Z2r p
h -h -h = )

and by Wiette g theorem for cubic equaticn we make following very important
conclusion:

17



The altitudes h >h .h are the roots of cubic egquation

2 2 2 z 2
13 r +p +4rR 2 2pr . 2r p - A
- e h g h - g =0

it can be rewritten like this
vare 2 3 L2 2 L2 z 2 2z
ZR-h - (v 4+p +4rRiy-h + dp r-h - 4r v = O

By the way we got following statement:
The lengths of sides of the triangle are the roots of cubic eguation

3

2 4 2 -
X - Z2rx + (r +p +4rR)- = - 4prR = O

Similarly equation we can get for values p-a, p-b, p-c, for the trigonometric
function of the same name for angles. for double angles., for half angles
of the btriangle.

At the end of this brief tour in the country of orthogonal elements in
triangle we look at construction which gives the generalization of
orthotriangle. Namely, ftor an arbitrary point O taken on the plane, the points
A-B.C ~ are feet of perpendiculars drawn from the point O to the sides (or
to their outside part) BC,AC,AR of the triangle ABC. If those points lie on a
line, then they are forming a triangle AjBiC‘-1 which is calling pedal triangle
of the given triangle ABC and point ¢. Clearly, for the point O which is

the point of intersection of altitudes, the pedal triangle is the orthotri-

angle. In general case, if the points Af}ﬁ§72 iie on a line then in what
follows we shall say that these points are collinear. In this we may say
that the triangle AIBJE 18 a singular pedal triansgle. UOf course, we re
interesting in the cases when the pedal triangle is not singular.

b,

ne following theonrem gives an exhaustive answer on this question:

Given triangie ABC and point O taken on the plane. Thelr pedal

triangle AJ%C% is singular if and onlyv 114 O lies on the circle

circumscribed about triangle ABC.

P OO f -

Necessity. Let pedal triangle be singular, i.e. A .B,C as feet of the
rerpendiculars dropred from the O to the sides BC. AC, AB, are collinear or
they are lying on a line. We re going to show that inthis case the point O
must lie on the circle circumscribed about triangle ABC. (see rig.15).

Connect the point O with B and C.

1. Zince OO perpendicular to OB and
1

1
- . s : . < 1 s arT G
Lua parpendicular to AD, then zufﬂﬁziuﬁ ~A

et
o



2. About guadrangle BA we can cirocum
soribe & circle, then AQWZA':AUBA1~ as

inscribed and leaning on the same arc angles.
. About quadrangle HA B&, we can circum-

goribe a circle with diameter OO, then

LA CO=zA B O,
t 171

4. From the 1.,2,2 follows that in trlanglh“
CJKE,BOG the angles z2C OB =2BOC=1R0 —A

Hut then about quadrangle BACO we can circumscribe a, circle. It follows that
the point U lies on the circle circumscribed about triangle ABC.

sufficiency. Prove inverse thecrem. Let point O be lying on the circle
clrcunmscribed about trianele ABC. then, éBOCZlSOowA Since OCi perrvendicular
Lo AB and OBi perpendicular to AC, then A(EOB “lﬂﬂ —A~AHOC. Fepeat parts 2
and 3 of the prooi of necessity and we get

AEIiAiBlzl'SSOO-- ("i(')c1 A +AOB A +z:&, {jB hH —‘(z_‘OBAI+4‘(“_)C'.A1+ABQC):Fih(‘ 180 =180 .

20 we get that points t&’Ai’Ei lie on a line. This line call Simson s line.
And sc, the theorem is proved. =

Hence, this theorem is to be said the test of collinearity of points
A1’Bf<3 which are feet of perpendiculars drawn from the point to

the sides of triangle ABC.

Let O be an arbitrary point in the plane. We compute the lengths of sides of

the pedal triangle (we don’'t care about singularity), or compute lengths of

segments A B At LB C . Denote by & .4 .5 the distances from the point O

) 1 i 1 A 5 [ ¢
to the vertices Oi triangle ABC
Of=S | 00 =d , OB =d (see Fig i4).

A 1 = 1 b -

Since in the quadrangle ACﬁH% angles
éACﬁO & AOBlA are right, then we can

circumscribe a circle with diameter OA
about this quadrangle. But then by the
sine theorem for Bﬁl which is the side
of triangle ACH% and lying opposite to
angle A we get

oR

L T PR BN ~ L . s a v

= DA = bﬂ%~OA‘Sln A, A we can get from triangle ABC —— =2R,

=in A sin A

where R is radii of the circle cirocumscribed ahout triangle ABC.

& - a & 0 S b
Thus, CB == . Bimilariv we cbtain A B-—4L AC= .

°R

N}
-
-
%%
™y

[y
e



We fix an arbitrary point O in the triangle ABC, then the pedal triangle

f
AJ%C' is not singular and point O lies inside of that triangle. since

4C 08 =180 -R, 2C OB =180"-A, <A OB =180"-C, and it follows that

(o)

. - - s O N
<C OA +24C OB +<A OB = 3-180°-180° = 380°.
1 1 1 1 1 1

(Prove the test by voureelf. Point O lies ins d? triangle if and onlv if
every side seen by angle which smaller than 1207 and the sum of those
angles is equal to 2607

For triangle AiBﬁa and point O we create the new pedal triangle AZEJ%
(the second padal triangle) (see fig I%)

As sald above, point O lies inside triangle

AQH? - Finally, in the triangle A B C
we build the third pedal triangle Aa&ae

as well not singular and with the O inside its.

As it turn out, the third pedal triangle and

given triangle are similar. Fig t¥

Rescribed above procedure of constructing the first, second, third and so on
predal triangles is tyvpical iteration. And for further we need to look well
at. behavior of angles by iterations. Sufficient to consider one step from
the triangle ABC to the triangle AaBﬁa.
Connect point O with vertices A,B & C (fig 18)
then ABAOZACQAO:ACQBJJ as long as
zi%AD & AGS&O are inscribed and leaning
on the same arc of the circle circumscribed
about gquadrangle AC“N% {(since angles
<AC O & 2AB O are right). By the danre reason

we get ACAOIABAOzzﬂﬁiﬁ.

S0, £BAO=<C B O & <2CAO=<B C O
171 171

Dimilarly. we get one more pair of equalities:
ZOCBO=ZA C O & ZABO=20 A O
1 1 i 1

<BCO=<A B O & ZACO=<£BE A O
i 1 11

Hence, by passage from the n-th pedal triangle to the n+i-th redal triangle
we obtain the follows egualities in the form of diagram:

ZB A O <0 AQ <C B O ZA B @ zh C f“> LA D
i non n n LA TR 4] N
0 B O . 0 P
N+l n+l “Bn+1cn+1o AAn_'_‘Cn_H_O Cn+1An+1 AAn...1Bn+1O Bnﬁ-iArH-:lO
We: met Lhat triangies A B O and ARD zre soual .
Q0O O '



Hence. increasing the indexes by every iteration by the diagram we get

<BA G =20 B 0O=«A C O=4«B A O

P+l Nt ntZ ntR o n+3 n+3

O

ZC A QO = 2B C O = ZA B {3 = 2C
N

L L n+2 n+2 "3 s

Addition the angles of the both of chains yields AAn = £A

rn+a

Zimilarly., <B = «£B & <C =z( . i.e. triangles A B C and A B C
n n+3 n nt+3 Bonon n+3 n+3 nt+3

are similar. In particular. AaBaCB and ABC are similar.
Assume

ZBAO=at . 2CAO=c ., 2ACO=y |, ZBCO=p | £CBO=3 . <ABO=3

Exercise. Prove an analogy of the Cheve s theorem:

For the ravs lA,lﬁﬁic with the vertices of the respective vertices of
b

triangle to be intersected at one point O it is necessary and sufficient that

m

sin «-gin 2 -sin ¥ = sin @ -sin 3 -sin ¥

where « .2 2,3 ¢ ¢ are angles on which those ravs divide the

angles <A, £ZB, 20 of triangle., respectively.

Exercise. Prove that the ratic of similitude of triangles ABC & Aaag% ig
equal to sin @4 -sin /3 sin ¥ .
(Hint. Determine what s the connection between the distance from the point O

to the vertices of two consequent pedal triangles).

-

., Y. Y
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PROBLEMS FROM GRADUATE EXAMS ON MATHEMATICS (FOR BAGRUT)

FROBLEMS

Part 1. (10 points for every gquestion. Solve 2 from 5 only).

1. Given right triangle ABD. Through B drawn a cirole intersecting
hypotenuse at points € and E such that BC is the diameter of circle.
Express ED through AB and BD if known that AR=d cn, RlrFa oM.

- 2 -
2. a) Prove that x° - 3% + 7 positive for any real x.
b)Y Find all values of x that following inequality holding true

2
. 2 .. M —8x+S .
® —5x+7) > (x ~Bx+73
3. Prove by mathematical induction method or by any other wayv that
~1 Y - 3 4 2“|+1 - T3
1°2 + 2-27 + 32 + 427 4.+ (Zn+1)- 277 = 2 4 02

4. Given an infinite decreasing geometric progression in which all terms are

positive., Denote bhy: =R the sum of n first terms and S the sum of all
progression. (5-5 ) 1s n-th term of new progression.

al} FProve that the new progression with general term (S*SH) also the infinite
geometric progression.
b)Y Find the sum of the new progression if Sz=216 & =243,

(D

3. We have to elect the municipality commission from 10 men and & women. The
comnission is consist of chairman, his adviser and 2 members. Thev re agreed
that chairman and his adviser should be of different sex and three of members
ot the same sex. In how many different ways can the commission be elected ?

FPart Z. (2 guestions Ffrom ).
6. (GGiven that in isosceles trapezoid ABCD (AD || BC) the smallest base is equal
to the lateral side. The angle by the greatest base is equal to o Through the
vertex D drawn a line inuxrseotlng AB at the point B and formed an angle 3
with the hase AD.

a) express the ratio of Areas of tr]dnalp to area of trapezcid
b} prove that if given o=~ & h—?U then the ratio is equal to 23

=olve egquation:

- . 2 .
a)Y sin 3% - ain X = s8in X -cos X

b)Y prove that in an acute triangle tan a-tan & > 1.
5. Glven cos Z2a + o8 27 + cos 2y = -1 (a,f.y are angles of a triangle).
Prove that this triangle is right.

(&)

%. The base of right prism is an egquilateral triangle with the side a
The angile between diagonal of Jlateral face and another lateral face it
to o BExpress the volume of prism through a and o

r}-

3 aqual

10. Given a line perpendicular to the twe lines in the gplane which are
g20ing through the point of intersection line with h lane. Frove that

the
this line perpendicular to any line going throush that point.

22
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Part 7. (2 guestions from 3).

11. Side AB of triangle ABC hkelongs to the line =2x, side AC belongs to
the line v=-4x+1Z, the altitude dropped to the side BC belongs to the line
v=x+2. Given that BC=¥32 . Find coordinates of the triangle. (There are
two ways of solution).

- . , . . 2z L s . . -

12, Equation of a circle is x +v +8x+5=0. Find geometric location of all
centres of circles which are going through point (3;0) and touching given
circle.

- . . 2 .
3. Through the point A(xi,yi) lying on the parabola v =2px draw the tangent

1
to the parabola. From the focus F of the parabola dvap peroeadicilar o

the tangent. Denote by 3 the paint of interseotion the perpendicular with

<~ | Prove that the tangent bisect segment .

T
R

I

!

~~
N

Y
“

. } . . HCoe - \ . ,

+4. Given function v = —- and known that x=—-< is asvmptotic of this

B

function. The tangent to this function at the point %=0 and positive

. . (&)
axis 0X formed angle 457 .

o

direction

i

a) Find a and b.
b)) Find points of intersection this function with axises.
3

o3 Find domain of increasing and decreasing of function.

1%, Had to set cable from electric power atation C which located at the
river s bank to another river s bank at the point A =o that the part of the
cable be situated under water and the rest of cable be situated along the
the bank. Given

100 M

??)

»3

*
|
]
!

|AB] = 100 m

[CB] = &

t
O

o
[s]
i
M

Fig 1

e 0

5

Y

Detting cable under water coast 130 nis. per meter and along the bank 30 nis.
rer meter. Find minimal expenses for cable setting.

i . o , z _'
I, Graphs of functions v=x & y‘l

b= (b>0) intersect at point A and at the
aorigin of coordinates. Prove that ©

3
A bisect the area between two graphs.

SOLUTIONS :

A

e

o



Pav attention that is possible only;situation shown at thosge figures 2,3
aince in the problem s condition neothing said about the location of points
* and F on the hvpotenuse. However. it doesn 't influence on needed value of

(8]

El. Actually. in the both of cases connect B with E. Then LBEC=%0" as

inscribed into circle and leaning on the diameter. But then BE is altitude
dropped from the vertex B to hypotenuse, therefore. needed segment is the
projection of leg BD on hvpot HnuheADeranplmq HED & ABD are similar. Then,

ED  BD Homos  ED = Brf_ &2 o
B~ AD - T TOAD T /Zz 2 T
D a +d
. F4 s 2 . 25 5 2 3 - 3 ..
2. a) ¥ - bx + 7 = (x-— + 7 - —— = {(x-— + — z — = U
) x ( 2 ) ! 4 ( 2 ) 4 4 ¢
2 ¥ —8x+d 2 1—2x
hY (¥ - bx + 71 > (x - Bx + 7)) -
i W -5x+7<1 ¥ ~Bx+6<0 2<r<3
{ { { 23
V4 . P 2z e . . .
&= - x2—8x+b<1—2x &=p - xz~6x+5iu &= 1<w<h &= x<l
- o =Bx+T7>1 - ® =-Bx+6>0 [ =<z 25
d . :“’{).t‘i
{ 2 . { z L. { - -1re
| X -Bx+6>1-2Zx - ¥ —Bx+5>0 [ o
TR
<l
- Pcued e x o= (oo, 12,305, 0)
. 25X
2 . - 2 o
Remark: ¥ - Bx + 8 = (%-2)- (x-3); ¥ - 6x + 5 = (=x-1) (=-5)
¥ -+ + +
o o > o
2 - 3 1 - S

3. j-at way — Matematical complete induction method:

1. Base. . > a
n = 1. We have 1-20 4 2027 ¢+ 32 = 2+ 8 + 24 = 34.
. - 2+3 ) 5 .
From other hand. 2 + 1-2 = 2 + 27 = 34.

2. Induction's Jz‘e,o n—>n+t ;]

-1 Z - R Zn+i - Zrn+ 2 2n+3
1.2 + 2:2° + ...+ (Zn+1)- 7 v (Zn+2y-277T 4+ (2n+3)- =
N Zn+3 . Zn+te - ENt3 ~ETT3 ) 2r+3 i 2Zn+3
= Z4n- 2 +H(Zn+2)- 2 +{2n+3)- 2 = 2+n- 2 +{n+11-2 {In+3)- 2

24
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b HEE T

2T 3 — - 2 3
= Z+2 cn4n+l+Zn+3) = Z24(4n+4) - e Z2+(n+1)- =

- ) 2(n+13+3
= 2 + (n+1) . what was needed to prove.
Z-nd way.

2N+ 2
- .. . . z Zr+d I -1
Consider sum ooy = L+ x +x% o+ ... + X oy o (X)) = —
n n % -1
Then its derivative S:(x} from one hand, is equal to 1 + 2x + ... + (Z2n+1)- xZn
1
2ri+1 2n+2
] OneD ) - x C(me1) = (s s
From other hand, 6%/%): (2n+2) ' ]; (x LR
(x-1)
LNt
. 2n+2 Zn+1 — +

_ (znr) w7 - ey X 2 1y i) _@rer) 2 R012)2 41 _ .22,

- 2 n (z2—1)*%
(x-1)
2n+/ 2n+d
w22+ 32 4+ .+ (2n+1)- 2 ne2 + 2

S, (2)=28](2) =

"t rae jal<i.

4. 5 = a + a + ... + a . a = a - ‘g
™ 1 4 n o] 1
Then, 3 = a +a _ + ... +a + ... . i.e. &8 = ;;m
1 2 ™ n—2a
a) Show that sequence 5 - 5, o - SZ, s D Sn, . — also progression
n+1 2
a a - " (l-g ) a a - q
Actually §-8§ =2 - -2 == a" = ="
V- 5 T T0g iq i-q © a-1
It means that seguence 5 - bi, S - S?, T Sn, ... is infinite decreasing
i 2
a "9
geometric progression with common ratio g and the first ter =
-rz 2 & 2
by Tt e equal to i ! 9 LI
y) Ite sum is ua : = — = - 8.
que 1-9 1-g9 I-q 1-9 1-q
Since 52:216 & 5 = 243 we have svstem:
~a, +toa g = 216 /-2%= 2.6 - & 7 =35 -/gg
{ iai 243 TP & o _293/f
= 243 2, =293/~ £ /’J
=g = 248 / Gz =374
. " It follows that problem s condition holding true
by fwu geometric progression with ratios 1-3 and -1-3 respectively.
And therefore, we obtain two answers: the sum of infinite decreasing geomet-
ric progression © - Sl, I e S’, ... can be egqual to
= "y
179 . 243 81 ) e
S 243 = = in the case of 9=1/3. and then a =187, or
1-1.-3 S 2 1
1.0 - 243 a1 , . W R
—— L T e T e - cagse of gq=-1-3, ¥ Torga a = 324
fver 4 - —— in the case of q , S8



All possible staffs of commission are represented by following cages:
1. Chairman is man, adviser is woman and rest of members are women i.e.
1 man and 4 women.
<. Chairman is woman, adviser is man and rest of members are women, i.e.
1 man and 4 women.
3. Chairman is man, adviser is woman and rest of members are men, i.e.
4 men and 1 woman.
4. Chairman is woman. adviser is man and rest of members are men. i.e.
4 men and ! woman.
All of Thm,P cases can be divided by 2 groups:
Commission of l-st type one woman and 4 men.
LommLaﬁlon of 2-nd tyvpe - one man and 4 women.
Commission are distinct by the set of men from municipality and by the chair-
man of commission. For example, from the set {w,ml,mz,ma,m4} we can choose
groups electing on the post chairman one of the four men -
{w,mi}, {w;mz}, {w,mg}, {w,mi}. Actually. it s very important to know who s

~hairman and who s

set of men we can

chose hy

imber of sets

P

{

(7)) 10 (G = Bo10 287 [ 81065 . 4.1

/Jb”ffaﬁé%)number of commissions of the Z-nd tvp

adviser in the administration pailr.

make 8

different commission.

(f) wavs and such set we

of the l1-st tvpe

. I T
is 6- 4 }

i ner
‘0 and number

—

<3

A 1.

can add one woman by 8 wave.

Hence,

of comissions

50, the number of possible election of commissions is

from the

one

oince 4 men from 10 we can
Finally,

O 8 c Denote the length of BC (fig &) by a. Then
AB=BC=CDza. Drop from the vertex B & C on side
E AD perpendiculars BK & CM. Then KM=BC as
: opposite sides in rectangle and AK=MD as
Q! 7k projectipn onto AD equals and with same angle
A X M D to AN Thereaefore,
Fig. & AD = BC + Z2-AK = a + 2 -a-cos «. Hence,
BC + AD = Za (1 + cos o) & BK = a sin o o> o BC + AD gy -
ABCD Z
Eaz‘f1+cos oY gin o . \ ,
= - = - = a - (1 + cos o) sin o.

For determination the

of triangle through two angles and side lving by them: 5h5ﬁ EED ¢,, 14FD
AR - BD-gin{a+3) , . AR DE AD
5 = - - . 1t by the sine theorem: - = — = - —
S ED 5 But by he sine neorem Sin sin & Sin(oid)
AD  sin £ AD- =in o AD%sin o-sin 3
- ) sin 3 I J-ain o , . - _ Jgin «-sin /3
=, AR = et DE = ————— and it follows &S = -
Thus, AE Sin(a+H3) U sin(a+s) ’ “aED 2sin(a+s)
= 2 L2 , . .
= T Lo ) PaED a (l+dcos o) -ain a-sgin 3
Dince AD = a + Za-oos o, we get = = = =
TABCD  Z2-sin(o?)-a - (1+cos &) sin o

area of triangle AED we use the formula for the area

the



2 . ]
csain {72
1 + cos o)

(1 + cos o)
(

Z2ogin{o+3) .
) i = _ - R s B , e ~
B) Let o = 80" & 5 = 30°, then AER - tltdoos B0 ) rsin 307 2

b - . O L0 3
ABCD - -a3in 890 - (l+cos bUU) 3

~ . - ) v ;
f. a) 8in 3¥ - gin ¥ = sin X o8 ¥ &> (gin 3% - ein ) {sin 3% + =in x) =

s8in X' Ccos8 X &= Zroos 2% sin x»-2-sgin 2% cos T 2iln X008 ¥ &>

¥

2 8in 4x-sin 2x = sin 2% & gin 2% (2 -s3in 4% - 1y = O e

sin 2x = 0 Dw = ke . = ko —
Nl — 1 & PN i E=p i 2, A T ke‘:“.,,
= 1, 4 ) + nom x = (20" Do I ez

&5

P) We have o + 3 + p = n & 0O<a.fi,py<—— . Moreover, o+ — otherwise y=

Then. tan{a+?) = tan(n-y) = —-tan ». From other hand:

' . tan &« + tan &
- -~ . Urowmaga, -tan po e 511
1 - tan a-tan 73 RIL ¥ 1 - tan o tan 3

.. . tan & + tan /3 . ‘ .
&> 1 - tan ¢ -tan 3 = - Fap— - . Since tan <, tan 7, tan ¢ > O, then
Lan )

finally we get tan ¢-tan F - 1 > 0 &=» tan «-tan 3 > 1.

8. Transform expression ocos 2o + cos 208 + cos 29 + 1 which is equal to O.
1

We have cos Za + nos 277 + cos 2 + 1 = Zoos(a+?) cos(a—-3) + Zcosy - 1 +

= Zreos{n—p iy cos(a—3) + 2-cosy = Z'cos po(oos ¥ — cos(a—3)) =

¥ o3 , X—={3 -3
St s gin
4

= 4-cos ¥-a2in

X . o . e b =20 =3 20—
But @« + 2 + » = n., therefore - pe k = £ & - ; = “2 L Hence,

O<f+cos 22 + cos 27 + cos 2v = -4-cos @ coa - cos p.

Thus, either cos & = 0 or rcos 3 =0 or aos y = 0, i.e. one of

angles o,f5, ¥ must be equal to n-2, since O<o, R p<m.

We could solve the problem otherwise., by formula:

o+ o

- . 4 5 -
cos o+ cos F o4+ cos y o+ cos{a+BF+p ) = 4-COS.ME;_-CQS R ity

/ cahi+a%ﬁ+a%2ﬁféﬂﬁkﬁﬁ+kj =

-

T oy a3 N

=(cos 2+coa F) + (cos p+oos(a+34))) = 2-cos cos ——— 4+ Zrcos(F+-

X2 - a3 o 13 2+f3 SENC. oA 1247
P U SRR . O S b I 24y i L SHE 443 o i+
COs = 2 oos S lcos—— + cosir+ —5 ) Y= 4 cos U cos —r=cos et

27



By the way, we can get similarly formula for sines:

o+

. ) . . . . \ . {: . Oy .
81n « + 8in 7 + sin ¥ - sin(a+3+y ) = 4'81r—~;~“81n > 8in

Those formulas can be useful in the rroblems about angles of triangle like
we have now. Actually, since o + 3 + v = .

cos Z2at+cos Z2F+cos Zy+l=cos 2a+cos 23+00o8 2r+ecos(Z2o+263+2y y=4cos o cos 3-cos ¥

9. AB = a. Since angle between a line and the wlane Ay B,
by definition is the angle between the line and its

projection onto the plane. We have to drop projection

of diagonal of lateral face onto another lateral face

{see fig 7). We take diagonal AC; and project it onto

face CBBN%. (Choice of lateral face is not unigque. A B
however since we have a right priam and in the base K
ilying egquilateral triangle, then all pairs of C
diagonal and lateral face are equal accurate to Fig 7

the location in the space by geometric sense).
Since the prism is right then the perpendicular dropped from the point A

on the plane CBBJ% is entirely lie in planeé?BC which is perpendicular +to
s -
CBBJ%. Moreover, point K of intersection ofYperpendicular with rlane CBBJ%

simultaneously belongs toc the planes ABCU & CBBﬁa, i.e. point lies on the

line CB of intersection those planes, and it means K is a feet of altitude

drawn from the vertex A on side BC of triangle ABC, i.e. midpoint of this
side (since triangle ABC is equilateral). AACiK = o by problem condition.

Now we can compute the volume:

2 . ~ O 2 =y -
v o= = . o _a -sin B8O _ a -v¥3 AK _ . & AK = a¥3
/ e - Al w2 Bt 3 = B -5 - an o (54 - il -
priz ABC 1 ABC 2 ;;( C K 4
1
a3 _ s o 22!
Hence, C K :‘Eg‘— cot a., But sinoce CK = i - then CC = ¢ K -CK =

| z 2 |
3 2 A & ¥a 1 . RE] 1 . N
= J—WE;'cot.a - — = .d 'J(‘*'CJS D - —-gin a) { —cos o4 +—-sin &) =
4 4 51in o 2 4 - 2
a . om ) T | ) e ava . a
:‘*T“m_'laln(‘“ - a)y sin({ —+ &) . { Remark: C KrxCK & ——cot a >
sin o ' 3 — 1 2 2

Ty
&= oot o Fege € o< — ). Thus, we obtain the volume of priem

2 ] 3 .
a ¥s a J ) b3 ] mT a i LT \ R L
LV . - - . o N e - [ - .
= : sin — ) gind -y = — 43" 3in{ — ~a) - sinf Fot )
v 4 sin o 7 ( 3 ) 3 dsin « 3 3



10, Denote hy
a-b  two lines intersecrtion at point O,

c  an arbitrary line in the plane m,
1 line perpendicular to lines a & b. and -
going through point O. (fig £).

- -—/”

Dencte bv a. b, ¢, 1 are direction vectors
of respective lines.
Then by condition. the inner (scalar) product

(l.a> =0 &% C1.0> = 0. Since & & b by condition fig 8

are not eollinear,féenu for ¢ there exist real kK and m such that

© = k'a + mb. Hence, (l.ci=(1,k a+m- bi=(1,k-a) + (1,m by =
T

a) + m-(1,b) = O, 1.2. lines 1 & ¢ are perpendicular.

1r -
- nh

It's possible a geometric proof.

Take on o an aertrdry point distinct from O,
denote its by D (fig @). Then through D

we can draw segment with the ends on lines a & b
which bisect by point D. (On the line taken
roint ﬂg symmetric to O relativelv D and draw

D & H v > & DB Il a, then OAD B is parallelogram
AB its diagonal and bisect by point D).

Take on 1 two mutually svmmetric points [ & i
B

velatively O Jonnect them with points ALK &

Then by equality of triangle QLA and OLiA
wer get . Simiiarlv, IH—L(H. Then triangles LAB &’[J AE are egual by three
sides.ded therefore medians LD and LD are equal.

From eguality of triangle OLD & OLHD follows sguality of angles LDDL:ADOpﬁ

therefore., 1 perpendicular to d.

11. Determine coordinates of vertex A (fig 10).

N . .- w// Iy
Py Y - :2 ~ - ') X /
* x4 ] T y X'.. &= - - *,V /
v = 2x Bx= 12 v = 4. }

Point & lies on line y=x+2 and we can use for N
control of derived coordinates of the point A. //

So, AlZ,4). Side BC lies on line directed
vector which is normal vector for line

VEX+Z & X-y+42= Fig 10 (schematic, hbut
S50, direction vector of line BC is equal to sutficiently concordant
e(l,~1). Hence, if we denote coordinates with given data).
( )., the (¥ -% ,v —
Bi,y)&( .,t,hnB(zxi‘szvi)
ollinear &, 1.e. there exist t = [ such that xi—xizt; yz—yiz—t.

- z
Since |BC|=¥32. hence EK?:&&:(?Z—V yZ +(y,-v, 220t? e t7=18 e [

From other hand B(xi,yi) lies on v=2x, hencs v, e and C(xzayé) lies

beaoi s
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on y:”43+12/ fhusa yé:“4X2+12~ Now convenient to express coordinates throush
t and get final values bv substituting in derived expressions the values of t
We have v = -t = Zx ~-t, % =x +t. Substituti o & i . L o

! v, v, t X b, %= t. Substitution A & v, into v, “2+1d
vields

>

4-i
-~ . e

cx -t = héxi~4t+12 = 621:«3t+12 &= 2x1:~t+4. Hence, { 1 2 and
v, = 4-t

g 4-t 4+t - - \
X = % = e—— L D m—— ¥ 2 L= 5 A4,
{ X,= X+ b S+ & 5 . Thus, when t=4 B(0.0); C(4,-4)
V,= Zx - t = 4-t-t = 4 - Ot when t=-4 B(4,8); C{0,12)
12, ¥ + V? + BXx + 5 = 0 &= (x+3)2+32:4.

R =2, A(-3,0); B(3.0). AB = 8 > 2 = R,
therefore, point B lies ocutside given
circle.

Let A(xi,y1) be centre of given circle,

R its radii. B(xz,yz) given point. {
Let P(x.v¥) be the centre of circle which X\
touch given circle at the point X and "

going through given point B. ' Radii
drawn to the point of touching of the circles
lie on line connecting the centres of those
circles. Pogsible two cases of mutually location Fig 11
of circles (see Ffig 11,712&).

OQutside touch {fig 11), then AK + KP = AP
<> AKZAP-BP &» R=PA-PR, and inside touch
{fig. 12y, then PA = PK - AK &=

< R=PB-PA. By union those cases we get:

R = |PA - PB|. Therefore, point P belongs

to the set of points such that absolute value
of difference of the distance from each of them
to the two given points is a constant value R.
It means that P belongs to hyperbola with
focuses at the points A & R.

From other hand, let point P be lying on hyperbola with focuses at roints A
& B and |PA-PB|=R, then if we draw a circle with centre at point P and
radius FB, then either PA=PB+R or PA=PB-R. Connect centers P & A. I[f
PA=PB+K, then by taking on PA point K on distance R from A we get that K
lies on constructed circle and PAZAK+KB that s possible only in the case o
touching. If PA=PB-R. then on continuation PA in the direction from P +to A
by length R we get point K for which AK=R. i.e. K lies on given circle and
PRzPA+AK=PA+R=PB-K+R=PR. And it means that K lies

and on the line connecting centres of the both circles that & possible only

on the constructed circle

30



in the case o S0, we 've proved that needed geometric location of
all centres is h EIbOJ . Now we can write its equa ‘Lcn. The focuses of
hyperbola A & B are situated by problem = condition and symmetric relatively
origin of coordinates X-axis (fig.15). - +V

Equation of the hyperbola in this case is

£ _y i) T '

=5 - 5 =1, where Za=R(& a= 1)& b=d o -a

a b >
But c=3. Hence, b=¥9-1 and equation can be x

YZ y2

written T ~ g/ 1.

Verify [PA - PB]. v =8(x"-1)

A Z Z 2 -

PA” = (x+3) + v© = (x+3) + 8- (x"-13 = 9% + bx + 1 =

PR® = (x-3)° + v o= (3x-1)7.

Hence, |PA - PHI | | 3x+1] [3%-1{}|., and |x|zl. But then

.- z
{3x+1)

1if x=l . then

| 3=+1] [3x-1] = Bw+1-3x-1 = 2. If x<-1. then [3x+1]=-3x-1 & |3x-1]=1-
and then |3x+1] | 3%-1] 2.

13, %=— -2
2

Line igs directrix of parabola

S0, let G be a point of intersection of perpen-

dlLuidP of the tangent to parabola at A(‘ 2V, )

(rig. 14). Eguation of the tangent to parabcla

2 , .
vy =Zpx at point A(xagyi) is yy1:p'(x+x3)
or  Px - Yy + px = 0. Hence, wgap;_y;D is

normal vector of the tangent and it follows that
it’s direction vector of a line perpendicular to
the tangent .

Fquation of perpendicular to the tangent can be written i
since normal vector of tangent {py‘yl) is a direction

Lar to the tangent dropped from point FCp-2,03. We have:

vector for

f O
perpendis

n parametric ™m

2l

gi woT - 5 ph
zZ <. . . e - - . - . - - .
{ . Find coordinates of the voint G if given that O lies
L y = ~ylt, [R=1S
on directrix and on the perpendicular to the tangent. We get
- o C o= B
- -+ pt &> t=-1 & { e 2, d.e. point G lies on a line drawn
z 2 i waj
through A and parallel to axis 0X. Let K be a midpoint of sesgment FG. then
i1ts coordinates
-k , F v +0 v v
2 Z — 1 i . R S . . U
= 0 & - = —— oy K(0, - ). Show that this point liez on
2 2 z 2
the tangent and on perpendiculsr to it dropped from K

31
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. . 1 s . 2
Actually. K lies on the tangent} V,o T PUORR ) ey T=2px,

From the other hand, in equation of perpendicular t=—1-2 we get the coordi-
nates of point K. What s needed to prove. ‘y
A Z

It s possible another solution by G

property of parabola s focus.
The Jlnpzarawn through point A of

parabola is parallel to axis OX and 8
tformed with tangent of parabola at point A e o F j:

the same angle as a line drawn from the
focus F in point of touching. (Fig 15)
Let point G be the point of intersection Fig 158
ﬁ-wath directrix. Base property of a parabola
(determining) - the distance from the forus to the point on a parabola is
equal to the distance from this point to directix, c e AR=AF
Therefore, triangle GAF is isosceles. Since angle <GAR = &, then the tangent
is the bisector of angle ZGAF. Let h be point of intersection tangent with
GF. Since bisector in an isosceles triangle is median and simultaneously
altitude, then FG is perpendicular to the tangent and bisecting by tangent.

2

X

ae
— then
w4+

b=Z. Actually. if a#0, then x=-b is vertical asymptotic. If a=0. then

14 . Since x=-2 is asymptotic to the graph of function v=-

function is equal to zero on domain of definition and function has no
vertical asymptotic. Since given that ==-2 is a vertical asymptotic., then

b=

Determine a by using second condition

- N e (2+2)-e" ae ®w+13 ., A O
fTixy = (=) = oA ¢ = = f{0)=—=-=tan 45 =1 =
2 , - 4
(x+2) 2+2
X
4 v de Y
A = = = s
X+

b} Axis 0X and the graph of function (fig 16}

nave no points of intersection, i.e. v=0& 2 =0 (02)
that s impossible. Axis 0OY and graph has points 4
of inters ecflvn, Since when x=0 we get vz 2.

So, point K(0,2) is the point of intersection
rarh with axis OY.

x4

ol 1,0

. »
) ., 2+ fi{x) > 0
oy f u:):~4p e = ), \x) :
{x+29 f'ix) < 0 &

So. f(x) is monotons increa
monotone decreasing on each
f=2,-iY & (—w,—2). Axis OX is ho}i‘l

£

,YP
.p
f\

o

Fig 1€

asymptotic when x»-w since lim ———

. The price of work depend from the ratio
Set BPzx. Then the location of P dPtPPWlngfe b? xth lD
is unique. The price of work can be written

| C CP o130 + [PA[‘5O = 10- {1} JO 2)-5 4 13-l5D2+32 1.



Convenient to introduce new variable t. such that x=10- +. Then the price of

100 ((10-1)-5413- 36+t )=100(13 {36+ -6t + 501,

mitiimiee the price of work asofticient o
fhue LT AL A WOTETRS SRLE L L bR SN

R . e 10T § - o1 B - c - - N P —Z .
value taefu,iv] which minimize function F(Li1=13 ¥aoert —Ht .

P g o - . s i L e i e 2 )

Ttz =h=0 ;13- t=5-Ya001 169t =45 36+26% 144t%=900
{ &= &>
>

V(fj‘c‘wt z <= ‘; . . ;
| te[0.10] te{0,10] te[0,10]

P

5 - . S ; . . . . -
t:*;~. S0 =52 is critical point. min f(t) = min {£f(0),£(10),f¢ )}

5
N

o
o e e — o j . 25! 25 160 25 .
Fe03=13-6=78; f(10)=13-Y13c -H0: f(5/2)=13- {38+ - = - w72

- Z

2
F{10)>72 &> 13-¥136 >122. Hence. min {f(O},f(10),f(5/2)}:72:f025.
It means that the price of work can be minimal when point P situated on the
distance x=1U0-5-2=25 m. from the point B. In this case the price is equal
to 100-(72+450) = 12200 nis.

16'f\ 2 ( » {xi§
V= V=¥ v=(
Iyrvbax A 1.2 .2 « »=h
X o=k 2

v=h

Compute the area of whole noted figure.

(see fig 18;.

b o
- ~ 43 2 3 =z o
o= j(#@ * - X )dx:(Vg—'—*-*—“—!
2 3 3

The area of triangle OBA easily determine SOBA:~fM.'The area of curvilinear

- z Z " -
trapezcid bounded hy graph v=x is equal to fx clx= . VYhus, the area of

14
£
o
m
Frs
~
]
|
i
{
|
|
I
i
|

noted figure gituated under segment OA is

{The article has been prepared by Alt Arkady, "Blikh’ schoeol, Ramat-Gar.




Frobiems for schoolf:

@. Prove that for any x,v.z = 0: min {l.x .y .z } <

!

S Prove i

Aty

LM be A menians of & triangie drawm to theides a.b.o

ren 1 PR . ;
LVE LY, WiITth T &

bem o =c m . Prove that

1y '!/‘; -
o - P = —
T oA “

ind all valuss of real parameter o=F  for which any real number x
ore of inegualities

2z . . .
W o= (1l+4p)m+dp = O

w-dx+3n o O,

i1 ~th forsr

R T T N T S <1 oo T3 P IV N ;
1. Given angles of a triangle. Find the angle between median and

o Sn e =soualton
3 4
g » o+ tg v _ - z
' P P Soain ¥ o4+ osin v
I+ T8 X + beg v
G Find values of parameter b such that svatenm
. .2
J ; }
2 hasg & unique asolution
L VoI {m=k
1. Numbers w.v.z such that = +3y 4 BEreatest value of
Ve




.

. Holve for integer x.v,z

log&(2x~uy+5z+l) + logzt yW-3x-22-23 + logz(x—ﬁy—82+4} >z + Y9z - 156

10-th form

L. In a triangle with the sides a,b,c drawn the bisectors The points of
intersection bisectors with opposite sides formed =a sehond triangle. Prove
that the ratio of triangles areas is equal to

2abc
{a+b)- (b+c)  {c+a)

. ; 12 s 4 . -
2. Prove that b - X 4+ x - x+1 =0 for all x.
3. Given

Prove that x,v.z = [0,4/37.

4. What & greater z ar 3

I + blx-k! turns to zero if x=-1 & x=3. Moreover. given
that function has a greatest value 2. Find constants  a. b, k.

G9-th fora:

1. Find a value of expression

Ty | v+a Z+t |t if bt - v — Z _ t
z+t t+x X+y y+zZ v+z+t s+t 4+ T+x2+y X+y+z
BKIKC=

Z. In triangle ABC point K bisect. the side BC agd=l :2 and roint M bisects
the side AB as 2:3. Drawn the lines AK & CM which intersect at point E.

What s a pvart of area of the triangle ABC contain the area of triangle KME
[AM.MA‘ =2 s}

Lolve system of equation

.2 -
X - 3xy = x - 6

. | . Z
4. Find the smallest value of expression = +v 1t x+Zv=1.

5. Given that a+b+c=0, where a,b.c are integer. PFrove that
- 4 -t 4 . . - ,
cH 4 db + 2o 18 an exact sguare of some integer.

‘Problems have been collected by Alt Arcady, "Blikh' schoel, Ramat-Gand.
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i thaz part o mathematioal collaction W suggaest roader to CArry ot <}
mint-research by guestions . offered below. 1f the reader has QwWn suggestion,
hypothesis by the matter of those question or an assccraled questionz he of
Ccourse free to carry this research out correzponding teo the Own tastes and
interests. Anrd  put inte shapes the results what cams  ouf as  an article the
reader could  offer that Lo the other readers through our mathematical
collaction., Tts possible variants with editions, additiaons, extenzions and
remarks. Ary material of research zharacter or about ‘Deltas laboratory

ought send te ocur editorial office address.

In thvz wssue we offer theme:

Alt  Arkady
"Blikh" school

Roamat—-Gan

The obiect of cur mini-research is a rolynomial of third degree:

3 2 . . . . -
Pix) = ax% + b'x + ox + 4d and corresponding to its cubic eguation:

Notice at the beginning that except reducing to wnitary form (coefficient by

. , C .. . 3 2 L
x is equal to 1) bv straishtforward divieion equation ax +bx +cx+d=0 by

a. we can get equation equivalent to the given by ancther way namely, by

g 2 s ow s L. L. 2
traightforward multiplication equation by & and

n

.
Pl

betitution ax=t vielr

. . a9’ N Z 2 .
3 Loz . [t + bt" + act + ad = 0
ax + bx 4+ ox 4+ d = 0 &= -
¥ o e
A

such reducing usually use for searching rational roots where a.b.c.d are
integer. In the particular case when d=l. sbvicusly ==0 is not a root of ths
equation and we can carry out reducing to unitary form by substitution
12 = +. In what follows we suppose that the cubic sqgquation get form
{i)

3 2 N

X 4+ r®w +px+ g =0 (13

1. Prove that eguation (1) always roots {(at least one)
( Show the pair of numbers m & such that flm) - fiM) < 0.

und point o such that

1binuity of funcki




L)

i

1 Prove that for any asR  f(x) = (x-a)-g(x) + fia). where g(x) -
a gquadratic polynomial (Which £). (It s prticular case of Besu s
theorem) .
¥ Prove that equation (1} has no more than three distinct roots.
Let = = a be a root, then fix)=(x-a) g{x), where gi{x) is a quadratic

polyanomial. If g(a3)#0, then we shall say that xza is simple root of

r“

b

o

ot

eguation f£{x)=0, otherwise u=a call multiple rcot. And here s possi
I gta)=0 two cases either g(x)={x-a) or g(x)=(x-aj - {x-b), where

b#a. lo first casse a has multiplicity 3 and f[x}:(:—a.g, in second
case @ has multiplicity 2 and filxi=({x-a) - - (x-b}.

Prove that for any cubic equaticn of type (131Yit = possible esither
cases:

1. f{x}=0 has an one simple roots and has no other rocts in [E.

Z. f(x)=0 has three simple roots.

3. f{x)=0 has an one root of multipiicitv @ and one simple.

4. f(x)=0 has one roct of multiplicityv 3.

Find an examples for each of cases. It would be interesting to find
conditions to which satisfy ceoefficients r.p.g of equation in each
of cases.

I we're saving that equation f(x)=0 has all root in R, then we mean any
of cases except the case when equation has only one simple root.

all of three root of ecuation (1) bhe resl. I
<, tamong them could be sguaily. Then oo

oo v 4+ pew o+ g o= (wex ) {x-x ) {x-2_)., and
E =) { " > { 5 /o And

Ty z 3 . {Wiette & theorem for a polynom
Mox o+ L + 2o = p {27, of third desgsree). Prove it.

Before going on we notice that complete eguatinn (1 can be reduced

r . 3 . _— ,
by substitution x = v -5 te the form v + bv + o = O {23, without

the term bv second degree. Derive the formulas a.b,c through p.a.r

Now we

1.

consider more detail this eguation.

ohow that if b>0 then egquation (2) has a unique real root which by
fixed b can bhe considered as a function x(c) of free term o. And
if o>0 then this root is negative.

It supposition of L:

= ()

r
i,

(DS

f1iin.
Sinoce
roots

—t

Prove that x(c) is monotone decreasing onto ¢ —oo, od.

Prove that x(o) is continuous onto -, a.

Prove that =({c) diffirentiable onto C(-w,m and find the form of
derivative » (o).

Prove that x{c) has a derivative of second degree. Find its form.
Prove if ¢<0 function x{c¢) is convex, then when >0 the function is
concave and oz is the point of inflection.

i
i

-~
C.

L
-+
o
~l
o
)
ot
st
i
=

Now go bhack to the guestion of computing the rocts
the case =0 ig trivial indeed (by the wav. what we
of equation (2) in this case 7). then we consider two

1:11
o
0O
o
J -
—+ -

A7)
O

)]
1]
Mo

[
jax
w0
i

(]
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Case i, b > 0. = -
cubstitution x:J‘w-'(t—q;) into (2) wvields guadratic equaticon relatively
3 ) -
t . Which *

L. Is itas alwavs solvable 7

= Does 1t equivalent to the given equation

5]
/

a

Case 2. b < 0. " )
J ﬁ-(tw-i—) vields to quadratic eguation relatively t .

oubstitution x=

Wi

In this case is possible situations when quadratic eguation has no roots.
{Show 1t. What situation is it 7). What supplementary condition does
necessary to introduce on b and ¢ in order to this way will give a results 7
What would we do with two roots of the quadratic equation ? Are there a
strange roots. 1f ves than how can we remove them @ How can we find the

rest of the roots of cubic equation 7 (of course if there there exist).

Are there a way out frowm the situation when the substitution cannot be used 7
Mavbe we should transfer to the complex domain 7

(But without transfering into complex case we can get exhaustive information

about roots of eguation ya + by + ¢ = 0O in the set of real numbers.

Who wish to get this information we offep following rlan (it s not a unigue
plan? allowing us avold complicate things which appear by substitutions
described before.

1. Congider cubic eguation

4-t3 - 3t = d’ wheres id‘ = 1.

cet  d = cos o and use substitution t = coa v show that numbers

~,

X A2 TT o477
t. = cos — - t = cos ——— | t, = Ccog-——m—o
) 3 1 3 2 3
. - . v . . 3 s - -
give fuil set of all real roots of equation 4t - 3t = d  if |d] = 1.
Find how muitiplicity of a root depend from the value of 4

o , , 3 - ] o ,
<. Consider eguation 4t - 3t = 4 & |4] > 1 and prove that

P — [T
2 L
Jc/i‘?d’—/ — Jc{"YJ/f/ . . ; . o
t( = — : 18 a unigue real poot in considering case
8] <

CHint. Frove that |t | = 1o

2. Consider equation 4t" + 3t = d  and prove that

o= -5 — - is a unigue root of this eguation.

- . - - . . . 3 . N
Substitute v = 2-4 — -1 into egquation v + by + ¢ = d  and prove

3
that in the cases of different sign of b (we SUppose b0 & o0 we get the
r:.

equation sguivalent to the given in either of considered above forms.

[N

)]

" - 7 - [ B - PR = . o g
S. Formulate the results derived in the 1.2.5  for eguation
5 r
o, . : ] i '
v o+ by + o = 0 by wusing subsritution ToE e

38

appear stranee roots 7 If ves then how is possible to remove them?
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expression

- q_ - F . , .

D = (—;»} + ==y, Find as vou oan the explicit Fformulas Ffopr o »luticon
. 3 . . = s 3

aquation y + by + o = 0 in ¥  prejativeiy D

CHint. Consider D = 0 &

(vr. By considering complex domaln appears new possibilitlies with new
gquestions.

. s . R 3 2 .
We write the cubic eguation = - r- ¥ + px - g = 0.

i. Prove that this cubic equation alwavs has 3 solution in the set of
complex numbers (the root taken account much times as multiplicity it has)

~ . . . . . 2 N .
If we write the discriminant & of guadratic esquation ® +px+q=0, by using

[

X - . . 2 . 2
roots of guadratic equation. then A=p —4q:(x1+x2) ~ 4X1X2:£Ra"x2).

Similarly. for cubic eguation

) 2 2 z L
An(= =2 Y s {x - 3w ew Y osll
x 1 a3 2 3

Prove Tollowing statemanis:

a3 420, then all of three roots are diastinct

Ly A=D, then among roots of egquabtion there are two which are egual
o} A<D, then one root is real and two others are complex conjusgate.
dY how A is connected with D.

However for distinction of situation with the root considering of discrimi
nant 1s insufficiently. since & doesn’t distinct cases when one of roots is
of multiplicity 2 and ancther is simple from the case when one roct of
maltiplicity 3. For distinction usually use expression

. . z ) .2 ‘ .2
A = {xm -3 ) o+ (= -y o+ = o-moy.
i i Z Z 5 1 3
Prove that if A=0 and

ad &120, then there is one root of multiplicity 3.

b éixO, then there are 2 roots: one of multiplicity 2. another is simple.

And AzD is necesgary condition in order to all roots be real.

- 3 z 2 ) .. 3 .

Prove: A = (r —op} D Az=-d4r g + rp + 1B-rpg - 4p - Z27qg

Prove thecrem. For equation has all root be real and positive it s necessary
and sufficiently that

{ r=0, =0, g=0

Try to prove results of this item without using complex using and analysis.
We are interesting 1n connections geometry of triangle with cubic three
terms (see article "Orthogonal elements in triangle).

Here we show the connection by following general statementa:

1. Prove that hv segments with lengths H oM, Xy We 2an uild a triangle if

and only if

(%, +3x_-= }'{2‘-x , T E, yol-x 4w 4w ) > 0
1 2 1 ’ 1 2 3

P
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Z. By segments with the lengths which are roots of equation
E] A -
¥ 4+ rx +pxw+ag=0
we can build a non-degenerated triangle if and only it coefficients r.p.q
of this eguation when A=0, r>0, pr0, <0 satisfy ineguality
3 o
vy - 4 rp + 8B8-g > 0

This theme has unexpected continuation and applications. To be continued.

NOTES ON THE MARGIN

. k k-1
Let P(x) = x + a - x + ... + 12
1 k
d Y T
and a .a,. a, be an integer.
Then Pix)=0 either has no rational roots

or has integer roots with each root must
be a divisor of By

FProof:
m o
Let x =€ © and m & n be a mutually
1] . . m -
/ coprime numbers. Then P(-7~} =0 =
i 1
|
o ) k k- k N
Z & m +a'm ‘n+ ... +a'n =0 &
’ -
, k k-1 k-1
< m = n-(*ai-m 4+ ... 4+ a n }

k - ,
& m . 1. Since n and m oare matually
coprims then n=l.

50, 1f the root is a rational number,
then it is an integer. If x=m is
integer root then

k k-1

+ a - + ... +a ‘m+ az=

m a - m a_,m a=0¢>
PO S L Y — o - .

& m(-a _ ~...-m ) = oa & oa oom.

Hence, integer root must be a divisor of

free term. If neither integer divisor

of free term is a root of equation P((x)=0

‘then it has no rational roots.
3 4 - - .

Example: ¥ - 2w - bHx + B = 0. The =z=et of

divisors of & is {*1.x2,x5 26}
Among them 1,-2.3 are roots. Since given
‘ squation can have no more than three
e — — roots we deduce xizl, xZ:wz, “a:d

are roots of given eguation.
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Alt Arkady
"Blikh"
Ramat—-Gan,

school

Appearance of this notes is obligated to an innocent guestion as

it seems for outside vision:

n

«To find pretty good bounds for the sum S = T arctg Yk , i.e. locate Sh
k=1

into interval (mh,Mn), where m and I"Iﬁ some values depending from n

and more convenient for evaluaiton than &S ».

T

I"ve been involved in this problem and look what came out.

I°11 try to restore the way 1 ve

thought:

First of all I considered this sum as integral sum corresponded to the

partitions of segment [0O,n]
CNotice that function

1

f(x) = arctg ¥x
(¥%- (1+x )t

with unit step.

is convex on (0,wm). Actually.

i) P E =

7% (1+%)

Eal

ATy

G

2(¥E- (1+x))°

The area of curvilinear trapezoid bounded by X-axis & by curve

yv=arctg ¥x

onto segment [0,n] equal to S arctg ¥x dx.
L]
Since c, has coordinates (1i,0). then 1Y
: v

£ s e o h Lo el i

= arctg - = 8, 2 D3 A =g
s T e e 1+ 0 Dz A3 E'-"*An—: 8-/
n-4 n-1 1 V) Az A y:a»zc%fyz/x‘

= A
, SC_A_B,C_ , L arctg Wl Sh—:t > 2 ; 8,
L=1 b R | L1=1
‘ 4o Bo
it follows that - X
n 0 G ) QS C; ‘;4 Co
S el apecta g gl A S
15 hot mn ,
o] Figure
n .
Calculate J arctg ¥ dx. We ll do it by the integration by parts
(8}
n u=1 = e 4 X idx
S arcte s de = [ S 2 Tk 1 ] = (- zrebe ¥R - F -
s 'vmarotg VE v —T;E?:;;; = - 2;x<hw}
il n ™
Sheanad o e et e i dx S @b
= n-arctg ¥n i s=—r—dE = n"Ercto Yn i-;vi- + ii????gﬁ

n-arctg ¥Yn - ¥n + arctg ¥n

41

(n+l1):arctg ¥Yn - 7n.



"DELTA" &  LABOGHRATORY -

Denote (x+1)-arctg ¥x - ¥x by F(x). F(x) 1is primitive for
F(x) — apcteg ¥ elnce Flx) - F(x).

Sinece S <RGN < S Sthen S elm M NS where m o= TEEna G M — iy e
n-i gl ial ol T n fat

Look at behavior of length of an interval into which located the sum 55 
with n-2co:

M -m = (nt2) arctg {iEf - (n+l) arcte Mo - (md - &),

n

Since arctg x + arctg-%— = %%— for any =0 , then

4:

F(n+l) - F(n) = = + (n+1)'arctg—?%= - (n+2}'aretg—?%fT- = (nfl = /n)

I

5 o n 7T
Beoms ineduall oy & san  caxaa o e o e e 7;

assuming x = arctg t, t>0 we obtain inequality

t
SEEE

L aRCLE TS G

Hence
1 1l il
el B
It follows that

: 1 n+1 5 : i n+2
Inrl <ol arotg—?ﬁ—<—?ﬁ—— and {n+2 <(n+2)-arctg = < S

Subtracting second inequality from first inequality we get:

n+2 ] G
{n+1 ~ g < (n+1) arctgtﬁ? T < e n+2 <>
1 e 4 1 n+1-{n- (nF2) _ 1
ey - (ndl)arotg e ~(n+2) - arcty e Ve A (ar )

: . 1 i : 1 =
Since %ig_?ﬁff_ = 0] ancd %gg i me. 0, then

lim ((n+1)-arctgf}ﬁ;—(n+2)-arctg¢ﬁ%T~) - 0.

Moreover.

%}% ({n+1 -¥n) = 0.

; LE
Thus. %%Q (Mﬁ~mﬁ) =

n - g . * [
Here we have to underline that Mﬁ = monotone increasing approach =

the proof by Lagrange s mean value theorem (X).
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GOOD  BOUNDS

Actually.
M - m = F(n+l) - F(n) = ﬁ(x o= flx ) = arcteV/x Swhen - X € (n.n+l)
mn n 12] mn 1a] n

Hence.

M -m = arctg an+1 > arctg ¥n+l > arctg VE; = Mhumh.

When n = 1:
M-m = F(2)-F(1) = 3-arctg Y2 - ¥2 - 2-arctg 1 + 1 = 3-arctg v2 —-%— - vY2 + 1

( Prove straightly and no using calculator that

m

3-archtg Vg - — = L e %} )

Hence:
3-arctg ¥2 —-%—-Vﬁ + 1 < Mnﬁmn c {;

S0, the difference between upper and lower bound for Sn increasing approach

%}-. Can we think that we succeed 7 So far we have no better results, we can.

Anyway I wasn 't satisfied either length of interval Mn . and too
cumbersome reasoning wherebyv we came to result.

Therefore 1 chose another way., hinted by identity

i 1
arctg x = el arctg?

Then
7 i 1
Sn = g ¥ arctg =
k=1
& 1
Denote the sum } arctg i by T
k=1

lal

and its in what follows will play most important role and as turn out
further it will be a motive to turn the reflection on unexpected way.
Now consider the sum Tn-

From inequality

1 1 1 L= LE
VR =RE0UE Sy SR WEiBey Loyer< L, <L r-

n

Hence the question is to find upper & lower bounds for § -%ﬁ;.
k=14

Here I°d remembered a problem that I ve solved before.
This problem was offered on one of the Holland olvmpiads:

we ' d prove inequality:

m
1
1<2-Vn——27?<2
i

k=



"DELTA" S LABORATORY

We are going to prove it.

™ n
1 ak
: = ») = ofri sl -V =
3 It e A ki;f7§- e 7 = 2 i 2 <k£l—7ﬁv < =y ijas

Prove right-hand side inequality in the last double inequality by

complete mathematic induction method:
N

il - IS ; :
k§1_?ET < 2=V = oy Notice that:
L <z (7EFL - L Zi e
i %o Z=Gvniel = ) = = o | < = ey R ] n+tl + ¥n < 2-¥n+l <

& vVn < Yn+l.

Hence. substituting 7§%T_ on 2-(¥n+l1 - v¥n)

we obtain needed upper bound: 2-vn+1 - 1.

The lower bound we cannot find by the same way. But one special way can be
used here, I mean an integral sum:

(e €%§'f: _é§$§? 3 (Xd/z)”= ———g———PO, SIR) f(x):-%h? concave & decrease).
4x 7x vl 3
n n y:.--—-
1 i Vv
of 7:(1}{ < £ =
i 2 k=41
Hence., since | Y
nE= = ol o] @0) (3,0 X
f-;%i =4 (2=0) = o= O we get needed inequality.
i 1

However this way of proof didn 't satisfy me. I ve decided to think

a little and try to find the elementary proof of that inequality using

minimum of means. An idea came to me at the same moment as socon I

deliberately limited myself in means, and I got stronger inequality.
Actually,

: 1 : . 2 1 2
2:(VEAL - V) < == < 2: (0 - (BN & oo v e T

that s obviously true for k > 1.
Hence

m

):71?(;2-%1?—2 - }:71}.;-:245—1&}::171? S (D 1) > O

k=2 k=4 k
Thus
DEYRE], = 2 et ﬁ%? P i el
Je=!
m
3t : = 1
Go back to initial problem, i.e. to bounds for sum T, = § arctg—?E«.
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GOOD  BOUNDS

We have
n+ i 1 ™ 1
-1+ T el & < T =i — 2:n+2 - 3 < T < 2-vn -1
k=1 k " k=41 k n
Hence,
m o= S - o.hid <. e BELL oD gy
n ] N 2 n
The length of interval located the sum is equal to
: _ o 4
2 - 2-(/m+2 - ¥n) = 2 =T
S50,

. - 4 : _ _
Mn = ml"l =2 ¥Yn+2Z + ¥n & r]w'-l'}g (Mh mh) =2,
BEven the last estimation for Sn has got by very simple way and that

estimation not much worse then integral (-g—w 1.5), however both of them
didn"t satisfy me. Under last circumstance I took this problem seriously.

I dropped it and decided to look back and ask to myself follows gquestion
1) What do I want 7 ; 2) What does it look like 7
At the moment I answered to first question: I want good asymptotic. i.e.

find such function ¢(n). that %}g (Sn—@(n)} = 0, and which more convenient

for straightforward calculation then Sn.

As regard second question, the work we have done doesn t go for nothing.
since I remembered that before I ve met with —$i+—$;+...+—$ﬁ - 2-vn, namely

I offered for my pupils such problem, to be more precisely, the following
series of problems.

Congider two sequences:
aias galEloias g i L
n k=17r k:W
Prove a_ is monotone increasing.

Prove bn is monotone decreasing.

Prove bn—an » 0 when n»w

=W N e

Sequences a_ & bn approach the same number (denote it by Chqj.

cimilarly questions for sequences:

S
a := ¥ —=— - 1nn & b := £ == - 1ln (n+l).
5 k=41 k ) k=41 k

L |

And in this case both of sequences have a common limit Ci, which was
called Buler s constant and has special notation vx0.5772156649. ..
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™
Chviously, in either cases we have for L %%?- asymptotic
k=4

™
) 1 X
2-vYn + CUZ, and for kE? asymptotic In n + Ci.

I cannot be silent and I have to pay attention on follows complect of
n

problems on asyvmptotic for § f%.
& 1 k=1lc-|-:t i k
Consider sum Pn =Y j;-'(—l) » and denote H% = ST Then:
k=1 k=41
Problem 1. Prove P = H - H .
2n 2n n

FProblem 2. Prove 1§& P = 1In 2.
m 2n
FProblem 3. Prove 1}& P = e
™ ™
Give back to associations, we ll be going on, setting before ourself the
problem of searching asymptotic for Tn- Considered above problems put us on

to an idea .that in this case we can do the same by offered scheme,
considering consequently

8. = Th - F(n+l) & bn == Th - F(n),
with F(x) - primitive of function f(x) = arctg-%§=

as I did, but I had defined before a primitive. When I finished the reducing
I ask myself: what does compel me to tie reasoning to concrete function f(x)
if everything point to common character of reasoning 7

Transition to general problem as it happening fregquently, visibly reduced
technical work and naked essence of problem. ©So, let

a]
Tn(f) = kgif(ky with %}m (). — .0 and
f(x) monotone decreasing. differntiable, positive function.

F(x) is the primitive for f(x) onto [1,®).
Obviously F(x) is monotone {ncreasing. More accurate definition of f(x)
and F(x) will do by necessative.

Consider sequences: a := Tﬁ{f) - F(n+1l) & bn = Th(f) - F(n).

Obviuosly, for any n € N a < bg
Prove a = monotone increasing & bn— monotone decreasing functions:

1. a, -a = (T (£)-F(n+2)) - (T_(£)-F(n+l)) =

n+1 ™

= (de(f}—Th{f)) - (F(n+2)-F(n+l)) = £(n+l) - f(dﬁ) = f(n+l) - f(dﬁ),

where dn < (n+l1l,n+2) by Lagrange s Mean value theorem (2.

But since
dn > n+l, then f(dh) < f(n+1), since f(x) 1is monotone decreasing.
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GOOD  BOUNDS

Therefore, a - a > 0.
2 b - bn = (ﬁﬂi(f)—F(n+l)) - (T;(f)—F(n)) =
= (Twu(f}—Tﬁ(f)) - (F(n+1)-F(n)) = f(n+1) - ﬁ(&;) = f(n+l) - f(&;),

where &; < (n.,n+1l) by Lagrange s theorem.
Since d_ < n + 1, then f(d_ ) > f(n+l), therefore b -b < 0.
i T n+i m

3. Bince B s bn < b1’ then the both of sequences have limits as

monotone and bounded sequences.
4. b —a = F(n+1)-F(n) = f(d Y, where d e (n,n+1).
n ™ lal 12]

Hence, f(n+l) < bn - P f(n)
and it follows. %}& (bn—an) =0

Thus, the both of sequences converge to the same number which in what
follows we 11 call Cr

So. a < C < b for any n =M, i.e.
T f n
T -F(n+1) < C. <« T -F(n) & Fn) +C < T I(f) < F(ntl) + C
n f n f n f
if assume ¢(n) := F(n) + qd then occur inequality:
e(n) < Tn(f) < @(n+l),
here the upper and lower bound can't be improved, since %;g (eg(n+l)-e(n)) = 0O

and function ¢(n) is asymptotic for Tn(f), since %;& (T;(f)—@(n)) =0

For asymptotic Tn(f). where f(x) = arctg~$§: we have to verify
holding of the demands to function f(x) and find its primitive.
1. f(x) is monotone decreasing, since

1

arctg-%§= Srie —hanchd xR arctg ¥Yx 1is monotone increasing.

. o 1 =y
-3 am £(=) = Lo ampoape = 0
3. We have the primitive for arctg ¥x, its equal to (x+1)-arctg ¥x - 7X.

Since f(x) = -g—- arctg Y=, then
5. AL = IR PES e o feu Bt 1

E@R) = ——x = (x+l)-anctg V& + VX + c=c + = (el arctg =) + Y=
= (x+1)-spotg = + ¥E -+ o
e REOLE z d

(x+l)-arctg-%§- + 7x.

I

Assuming o = -%ﬂ we obtain F(x)
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Then if
G = 338 (kgiarctgf%?——(n+l)'arotg€%T-VEg,

then

Hin) := (n+1}'arotgf%§- VR C,

ial
- is asymptotic for the sum Tn= i arctg—%§= and holding inequality:
k=1

. 1 i 1 : 1
Cf + (n+1) arctgfvﬁ: < kgiarctg~7g= < C% + (n+2) aPCtg'Vﬁiﬁf + {n+1

The value of q. what we ve evaluated on computer equal to

Co =5 -2.1474246867 when n=2330.

Note. All these reasoning are holding for f(x) which is monotone increasing
and has horizontal asymptotic.

C»x). Appendix:

Rollya“ s Theorem. Let f(x) is continuous function onto [a,b] and

differentiable onto (a.b) & f(a) = f(b), then there exist cs(a,b) such that
f(c) = O:

Proof: Denote m :xg}Q bf(x} = f(x*) & M =xepgxb)f(x) = f[x*y

£
where x, & x some points of segment [a,b]. It s possible two cases:

1. Two-elements sets are equal: {x*,x*} = {a,b}, then m = M, Bince
f(a) = £f(b) and it follows, f(x) = const & £f(x) = 0 for any =xe(a,b).

g {x*,x*} # {a,b}, then at least either x,  or x* belongs to interval (a,b)
Function f(x) into that point, has extremum. If we denote this point
by ¢, we get f(c) —« . & e =l bR }Y

Geometric mean is: if function f£(x)

satisfy the theorem then we can find

at least one point ¢ € (a,b) such that ‘771§ N
tangent to the function graph y = f(x) I N I o
in the point with c-absciss is parallel to DliEsas £ X

_the X-axis.

Mean value Theotem Let f(x) is continuous function onto segment [a,b] and

differetiable onto interval (a,b), then there exist c¢ € (a,b) such that

f(b)-f(a)

b-a =it
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(Geometric mean is: we can find the point c¢=(a.b),. such that the tangent
to the function graph with c-absciss is parallel to the chord connected
ieeyihanu=) (s sE (G Zvevel (el se (o) ) )i s

Proof: wy Aﬁ%*ﬁQ)

_ _£(b)-£(a) 5(6,4(8)
b-a

going through points A(a,.,f(a)) & B(b,f(b)),
then since the points A & B are laying on the_‘/,ﬁ////, A
graph of v = f(x) and on line, then function %) &=

& Dy as 2=

(x-a) + f(a) - equation of line

f(b)-f(a)
b-a

(as continuous function on [a,b] and differentiable on (a,b)) in the points
a & b equal to zero.
Then by Rollya s theorem there exist ¢ € (a.b), such that

(AR = TEGRL = (x-a) - f(a)

P (c)=0; P (x) = £ (x) - REa)
Thus
e ok f(b)-f(a)
o (R0 =Eaich —

NOTES ON THE MARGIN

Frem 2 4 5
dny equation of the fourth degree X + a'xXx + b'Xx + c¢c'x +d =0 by

: ; : % s : 2
substitution x = y -—%— we get equaiton ¥ + by +c-y +d = O.

Therefore, worth while to consider equation of 4-th degree as x4+bx2+ox+d=0-
Let p be a parameter, then equation can be rewritten

2 2 2 2 2 2 2 2 2 2
(X +p) -2p' X —p +bX +c'x+d = 0 &= (X +p) = X - (2p-b) -¢'x + p - d

In the right-hand side we have gquadratic polynomial. By choosing p we can
obtain that this quadratic polynomial be an exact square accurate to a sign,
W - e (1o i l)2 . For that sufficiently choose p so that the discriminant

of guadratic polvnomial be equal to 0, i.e. ot 4'(d—£f)‘(2p—b) = (0],

Derived equation'is an equation of the third degree relatively p. And an
equation of the third degree always has solution. Substitution derived value

of p into the equation vields (:-c2+p)2 = I(kx+l}2.

If the sign of exact square is minus, then given equation has no real roots.
If the sign of exact square is plus then we get two quadratic equations

[ X +p=kx + 1
2+ 19} e =l =
By solving them we obtain the solutions of given equation of the 4-th degree.
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Variation 1.

ancther

print

typed.

Consider inequality which holds for any real numbers x & v:

- -
(x-v) = O
Its obviously eguivalent ineguality:
X + yz
g 2 XV
Where equality is possible when x=y. If

x=¥a & vy=¥b we

b

then setting

Yab

v

2

-
L

Baquality is possible when a=b only. BRut

8

and b

(1)

7y
<}

—

(3

inequality (3) we could get

s . . . . . —~2Z.
straightforward from the trivial inequality (¥Ya - ¥b) =0.

Consider some problems on inequality proving,
special and unordinary wavs of using inegualities in form (2)

or (3).

are positive numbers,
get Cauchy inequality (particular case):

for which solution regquire

. . ) ) 2 2 z
Example 1. Prove inequalityv a + b + ¢ = ab + bc + ac, where a, b, o —
non-negative numbers.
Solution:
2 2 2 2
2 p: 2 a +b b+ Sl - U - . .
a + b o+ = - =+ ——=— # ab + ho + ac. Eguality ocour when s
. R . 4 L 4 . . )
Example ©. Prove inequality a + b + o = ghc- (a+bh+c)y for non-negative
numbers a. b, c.
Solution:
z 2 2 2 z 2 2 2 2 2 2 2
4 4 . z 2z 2z z 2 z a b +b ¢ b o+ & ¢ a +a b
a +b +c¢ Z ab +bc +ca = - = = = =
B 2 2 ) - - -
Z bac + ¢ ab + a be = abe- (at+tbh+o).

Example 3. For =x.y,z20 prove inequality: ®y + vz + zx = ¥3xyz: (x+v+z)
Solution:

(Hy+yz+zx}2 = 3232+y232 z zz+23y VE+2ym aX+Z2Ry - 2x = (E?j2+y23 +Z X ) o+

+ 2Ryz (2+y+z) 2 xyvz (x+ty+3) + Zxyz (2+v+z) = 3xyve (x+v+z ).

PR TP
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Exercise for positive numbers a.b,c inequality

e a8

g
a + b v
a b+ ¢ > 1 N 1 + 1
3.3 3 a b e}
a b o

>

fxercise £. Prove for non-negative numbers a.b,c follows inequalities

2 2 . F3 . 2.
)} a ‘(1+bf) + tF'(l+c Yo+ cz'(1+a } = B6-abe

A
. . .. ) . . o .. . 3 .3 =
&) B-abe = ab- (at+b) + be (b+o) + ca-(c+a) £ 2-{a +h +¢ )

Exercise 3. Find out what s greater:
a) 2 + Y3 or V192

b)Y V4 - T 4+ *ES or e - Yvo 4
Exercise 4.

a) Prove ineguality for non-negative a & b:

2 .z . )
2-va +ab+l” = Y3 (a+b)
&) Prove inequality for non-negative x.v.z

2 2 2 2 iz 2 .
bl AT -+ vV +Vva+z + 43 +ZX+X = 7’8 (x+y+Z)

3

B) Prove inequality for positive x.v,z
Xty+z o XY+YZ+XZ
3¥3 -

z 2 2 2 2 2
ix +Xy+y  + jy +yz+z + iz +Zx+3

Follows series of problems which are especially that for their solution
unsufficient inequality ¢22 or (32. We can get desired result by combine
Cauchy inequality with another very important inequality which we can
consider as base inequality. Consider two ordered pair of numbers

(a.b) & (c,d). {Ordered pair, it means that each of two numbers has its
place in the pair. In this meaning. the pairs (a,b)*(b,a) and pairs (a.b) &
(c.d) are equals if and onlv if a=c & b=d. ).

Definition In what follows we shall say (a,b) & (c,d) are concordant in
order, 1if simultaneously a=hb & c=d or aZb & ¢=d. Otherwise, we sayineg that
pairs are not concordant.

Follows statement is trivial. Pairs (a,b) & {(c.d) are concordant in order

if and only if (a-b} (c-d¥=0.

oo, let pairs (a.b) & (c.d) are concordant in order. then:

ac + bd =2 ad + be {4)

For instance:

. . . 2 Z . . 3 2

1. Pairs (x.v )Y & v )

. , 5 5 . 2 3 2z 3
inequalitvy = + vy 22 Xy + v X .

. . .3 3. . 1 1 \ ; T
2. Pairs (sin x.cos x) & ( cos %= 7 =in e | are concordant for (0, — .
a8 P pae Pt
. 9 3 - 31
Hence, SIn X 4 L89B X 5 4.
cos X sin x

3. Let functions f(x) & g(x®) are monotone increasing (decreasing) on some
range [} then pairs (f(x),t(y}) & (gixi.g(y)) are concordant in order for
any 2 and y from this domain and holds inequality:
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f(=) gix) + £y g(v) =z f(x) glyr + fly)y g(x), x,y=R (5)

i i 1 . .
4. Let % y>0, then pairs (x.v) & (‘;~,—§~) are concordant in order. More

generally, if £ & g have different monotone character (one is decreasing,
another 1s increasing), then pairs (f(x),f(y)) & (g(v),g{x}) are concordant
in order and it means:

(=) gly) + f{y)y g(x) =2 fixy-g(x) + f(y) - g(y) (6)
Now go back to problems.
) . , ] 5 5 , . .
Example 4. Prove inequalityv & + b + ¢ = abec- (ab+bo+ca), where a.b,c=0.
— R . ~ . . ) .4 a4
Solution: Since for any non-negative ¥ and v palrs (2.v) & (x ,v ) are
. 5 5 . 4 4
concordant in order. then = + v 2 w v + Xy . Hence,
o) = S 5 be S 4 . 4 4 . 4 4 4
= = 5 A +b b +c o +a . a b+ab b c+bo o a+oca
a + b + o = 5 + 5 + 5 Ea 5 + 5 + s =
ES 4 4 4 4 4
a b+be b c+oa c a+ab . z 2 z 2 z 2 .
—_——— 4 T+ = =z a be” + beca + ¢ ab = abec- (atb+o).

Example 5. For a.b,c>0 prove inequality

aZ +h2 bZ +02 2 3 b‘:‘z‘ 03
. s s " a . A
a+ b + o= + = —— £ o 4+ = 4
2¢c 2a Z2h be ac ab
Solution:
2 2 2 z .
12 +b + b +o L & ta o Zab 2be L 2ac 1 ( ab _hg_) ] ( bo_+ ac )+
2 Za b T Zc 2a Zh Z o = ‘ 2 a b
1 ab ac
+ = —— 4+ ) = + + a.
5 { o 5 o] C a
3 ba _'3 4+k4+C4 a a
-~ a o _ & 8] : L . . . S
2. + + = ———— _ Hut pairs (:=, & (% ,v ) are concordant in
be ac ab abe L3 A:V) 2 ’

order for any x & v, and it means x + v =T xVy + XV .

Therefore.

4 4 4 a4+b4 b4+c4 aé+b 1 3 3 1 3 3 1 3 3
a + b + o = — o — 5+ - ?“ zZ = (& b+ab )+ 5= (b c+be )+ = (¢ atac ) =
Lo L o F I
1 , 2 1 2 2 1 z 2
ZTEb(d +bh 3+ ?b«:(b +0 ) + 5 ac{a +c ) .
P P Ze
It follows that
3 3 3 2 z 4 z 2 2
a b s . a +b b +c c +a
— e e + 5 4 e .
be ca ab 2¢c 2a 2b

Sometimes difficult to get concordant pairs. however, if we can get them
then it could be sufficient for proving some difficult inesqualities,

for instance, inequality from next example (IMO IV - International
Mathematics Olyvmpiad).

Example €. Prove for a. b, o020 inequality:

o
n



) .3 .
(a+b+c) - 4- (a+b+c) (ab+bet+ac) + 9-abe = 0O
Solution:

Remove the bracket. perform operations and group similar terms, we get
inequality:
3 3 3 . : 2 2 .2 2 2
a + b + ¢ + 3abc 2 ab + ab + b + ca + ac .
Since this inequality is not changing by permutations of numbers
as b, c. then we can define that a2bzc. Do,
3 3 2 , 2 z .2 )
a + b + o + 3abc = a (a +be) + b- (b +ac) + - (¢ +ab).
o . 2 2 .
Pairs (a.b) & (a +bc.b +ac) are concordant. since
2z 2 N . N , N , . . . .
a +be — (b +aci=(a-bi-{a+h}? - o-{a-b) = (a-bY - {(at+h-o} = {(a-h) - (b-c) = (.

Therefore,

Thus

3 3 a ) L2 o 2 2 2
a + b 4+ ¢ + 3Jabec = a (b +ac) + b-{a +bc) + ¢c- (¢ +ab) = ab + & ¢ + bs

2 3 2 2. 2 2 3
+ kbe + ¢ 4+ abec = (ab+tab’ ) + a o + be + ¢ + abcoc.

To complete the proof we have to show that

-

. 2 2 b ) .
o 4+ abe = ac + bho ¢ o {0 +ab-ac-bc) 2 0 & o {(c-a) (c~b) = O.=
In this example we have not used the Cauchy s inegquality. However, this
example in this place appeared by some purpose. Namely, we re going to pav
attention by some period of time on using concordant palirs, moreover,
2

=B

the Cauchy inequality 5\+yznhxy is equivalent to trivial fact -
concordance of two pairs (x.v) & (x.y). But as vou have seen the corocllaries
from this trivial fact are not so trivial.

Rewrite that inequality in another form, supposing x,v > 0,

2
e R .
T = 2% —- v. (73, eguality when x=v.

We just rewrote the trivial inequsality in another form and the essence has
not changed. But with help of new form the inegquality (1) acquire new
possibility feor using.

Byxample 7. (IMO XXIV). Prove inequality:

&
[\%
lo

3 3 .
¥z + Y XA+ Sy EXYS O+ RY Z+ XVE , XK.V,
Saolution:

Since cases =0 or v=0 or z=0 are obvious then we 11 suppose that =,y,z>0.
Therefore., for positive =x,v.z by straightforward division by xyz

2 2
. , \ x z .
we obtain inequality: v + - = X+ Yy + 3.
Put using inequality (V) gives opportunity to prove it at one line



+ — 2 (2x-v) + (2y-2) + (22-X) = X + v + =.

Where equality occur only when x-v=z.

By using others concordant pairs we can get other base inequality from which

trivial corollaries are not trivial inequalities.
For instance:

. . 4 4 . 3 3 . ,
1. Ineguality = + v 2 xy + xy is corresponded to concordant pairs
4
,. 3 =1 . . = 3 3 2
& (x .,y ) and when x,v>0 it could be rewritten: v Z X -y + Xy .
4 V4 '74
Hence., right here for 2 v.z>0 it follows that {$~+ﬁ7%~i}i X
3 A P
_xa 3 3 “ v
) . . e z N A oA
which could be written so: S+ f +— Elealh St = or
v oz A ¥V ” -
. e . s =1 5 . Z 3 3 2 2 3 . -
like thie: ey R+ Yy S Ryg +x¥vs o+ XV for x.v,z=0.

oy

2 z
y +yz +zx,

(2, ¥)

2

{(Try to solve those inequalities by other way and vou ll understand that it

couldn 't be so easy )

o . 5 a3 2 3 2 . .
<. Inequality % + v Z ¥v + v ¥ is corresponded to concordant pairs

2 2 3 3 — . - ! .
(x vy ) & (x .y ) for =, v=0. In case = v>0 it follows that

'5 3 3 2z 2 2 \:3 3
“? Z X -y +yx , or by straightforward division by Xv _;; + _Xé
vy v x

. R 5 5 . 4 4 R '
3. Ineguality = + y Z x'y + =y 1is corresponded to concordant pairs (x.y)

4 4 - - N . . . . .
(x ,v ) for %, v20 and in supposition x, v>0 it could be rewritten so:

5 4 4
¥ . 4 4 3 . , b4 v .. 32 3
—;—5 X -V +Xy or like this: - + == Z ® o+ y .

Exercise 5. Prove inequality for a.b.c z O

a + b + ¢ = avbe + BYea + o¥ab

Axercise §. Prove inequality for x.y,z=0

4 4 4
\ x v Z < st 3 =
al + ki + —_—— = i . .__".7_ + =
3 3 a v = =
v Z o X zV

&) x?'{-é—+-l~) + y*'(~l-+ ! ) o+ 24'(—L~+?L

v zZ = =4 B p:

9
™

3 . - ’ , N ™ . m ™m
fxercise 7. Consider concordant pairs (2 ,v ) & (¥ .,y ) and tryv to
1

ize inequalities appeared above.
Exercige 8. Prove for any a.b,c>0 inequalities:
3 3 3
2) a N b . c > _atbtc
a +abib botbotes Croata =

1,

=¥}

N 3 3 3
o2 {4y 4z )



] 1

Y —

3 3
a +b +abo

1

4

Variation 2.

Actually. this
form. We start

Definition . For any no

s a
b +c +abe

1

3 3
c +a +abo

1
abc 7

+ <

~

trom Cauchv inequality.

n-—negative B 5B .. .,4

2 ™

the values

is a continuation of theme considered above,
before,

but in genersl

a-+a +...+a
1 Z

al

n

&

T T - . . . .
Ja]az...ah‘ are called arithmetic average and gecmetric average respectively

- n . .
If a,.....,a >0, then the value 1 ] is called harmonic average.
L+
ai dZ s
& + ...+ a 1w
The value G = ( = ) for any p#0 called degree average of
p-degree.
. n ——————— ! ~ . .
Frove that %%g G = Jalaz._na and therefore the notation G is suitable
for geometric average since G. = lim G .
O P20 P
Proof:
:i’+...+fp
n - . . - }
Denote — - -1 by 8 Obviously, lim 5 = 0.
n =] B0 )
o o o
“p e _ 1 N a1 a' -1
- i —F 1 ave —E- - (2 4 | 4" _ Y Sine im->—% - .
Find g%g 5 - We have - = ( - . = Since lim s iIn a.
Sp In & +In a +...+In & - )
IS} ‘ a>0 & a=l then = 3 ...
for any a & a=l, then Lim— - in Jéidz a
. S
s> rge 1 L P n " -
. ~ - - - ol . a3 Llim — r oo . =1
The G = +5 o = : |+ — 30 = e i 2
Then lim G = lim [[J = p} (lima =) Je30 p e n
t
_n e . s s & =4 — 13 ‘1 178 _
= aa ...a . We leave to prove }1m = = In a. S9ince lim {(1i+s) = e,
12 s > + 530
3 . in(i+s) . . .
than 11§—~wL--—: 1. By notation In(l+s)i=t, we get lg@ t=0 and
=83 s =
t
t , a ., e =1 .
s = e - 1. Hence, 11§ = lim——= = 1 and it follows
§%0 In(l+s) tsp b
i
A In a it-ln a
im =t - ypS———1 - In a- lim———- 1 In a1l = 1lrn a =
Lip t = ip t“lna ~ % £45 t-lna ~ T E
The word "average' present here because for any p:
min {ad,az,u..,ar} = G = max {al,az,...,an}n FProve it by vourself
1

When n=2

we have follows chain of

inequalities:



zab <

a+hb

or as we ve noted Gﬂ =3 <=3 =0

We are going to transfer those inegualities to cases with more variables.
Firet of all we concentrate on central part of this chain.

In general case ineguality G =G 1is to be said Cauchy inequality and it
could be written so: oot

a +a +...+a
i T

2 ] .. n
- = Jaa .. .8
i1 2

n ™

Easy to prove inequality for particular cases n=4 & n=2. Here very important
the order because in the proof of Cauchy inequality in this cases we use
simple but important ideas.
A +a a_ +
a +a +a +a I + i 83 J + ‘1
Lo +a S A A =
— Ay TEp AT, _ 2 2] - 2,9, Rafy - {7 " -;,44, =
n=4. 4 - 2] 2 - 1527 78,8, = N8,8,88,
a +a_+a
a +a_+a A +A +a 4+ 2 4 a +a_+a_ !
o3 a +a, a 4-(a+a+' y- I 3 3 >la'a'1 2 3
T 3 -3 1 P % 4 4 - 172 % -
by Cauchy unegaulity for n=4. By straightforward division by
4 a +a_+a & +&8_+8 3.4 ) a +a_+a
1.2 3 e get 12z ?_§ > (aaa ﬁ“* s - 2 3 5 a
3 we get . 3 A - 172% B K - A%

It s possible another proof of Cauchy inequality when n=2 by using

. , 3 3 Z . 2 . -
ineqguality = + vy = ¥y + xyv . Actually,

s s . 2 2 z +V7z Py ?
: E e ¥ 7V 7 7 ®+ZE
x 4+ vV + = = VQ y X = == Z XyzZ + Xyz + xvz = 3xya.
L Ca -
3 3 3 - a1+a2+a3 3
By setting =x= Jai, y= Jaz, = [%3 we obtain ——5—— 2 Jehazaa
Notice that from ineguality G zG_ for any n it immediately follows G =G,
for positive numbers (to do it is sufficient tc use Cauchy inegualitv for
1 1 1 .. . , -
numbers = Fc o ?T')‘ We shall stayv by inequality G;EQ{
i 2 8}
Eeatle, [
2 2z 2 2| ( AT, + Ay TH, ]
& +a +a +a —= —_—
. . 1 "2z "a Ta j 2z 2 .
For n=4 we ve 7 = =
L]

A 4+

di'raz Elg :;14

-5 + ——— a +a_+a_+a
B & < 4 4 - . . ..
= = = - . B0, we obtain the inequality:

o
©



2 2 2
a + a. + a 4+ a a + a + a + a
2 3 4 1 2 3 4

4 - 4

For n=3 inequality GZEG1 we could prove directly by sguarineg the hoth of

inequality sides:

{‘ z 2z 2|
a +a_+a a +a_+a ,

1 2 3 - S 2 3 F4 2 2 -~ 2 2 z 2
J —_— Z ——— &= 3-{a +a_+a ) = (a +a +a_) & a +a_+a_ =

O3 ) i 2z 3 B 3 Z 3 1 2 3
2 2 2 2 z 2
&8 8 fiFA B kA

= a, + aa, + a-s & L2y 22y 2l s a8+ oaa + a_a
= A48 273 A3y 2 2 N iz T % 2% 371"

But we shall show that this inequality we can prove by the way we ve proved
above for n=¢ - by repeating way we ve used in proof of Cauchy inequality
for n=3 from ineguality for n=4. This way in what follows we call by
reveres step.

a2+'2+ z ' & +"2+'2+G2 a +a_+a_ +G
Let G = R aa- Then, G = N e M My SR
. ::2 - 8 - 1 1, -,72 - —_ 4 = 4

= 4'Gh = a, + a + a + G &> SGéEa,+a2+a &> G% = G .

Follows two exercises allows us convince once again in effective ideas of
doubling and reverse step.

Exercise ©. Prove inequalities:

. sin o + sin 3 . a3
Al 5 £ = sin o
Pt 2
=i o+ i o+ in & + gi o a0+ 4t
0 s1ln . sin o, sin o in &, < ain PR e
Y —
" 4 4
31 o+ i o+ si o o 08 oy
} sin o 81in 2 sin & - N PR
< 3 = 8Sin I

Exercise 10. Prove the truth of unequalities:

. . A ) o - . 2 43
a) sin @ s8in 7 = sin ——
[ S S W Lo S Ve |
b)Y sin @ -sin o -sin o« -sin & = sin A
o) S 1 81 > i 3 i a = 4
a1+a2+a
o) sin «4 -sin o sin o = gin ———m————
1 2 3 3

Exercise 11. Prove for any positive numbers a.b, o inequality:
. 1 1 1 N . N .
(atb+c) ( —+—+—) = 9 (it s desirable to do it by inegquality
atb

iy

= fab ., no using G =G  for three numbers).

Exercise 1. Prove for any positive a.b.o

. a+h j b+ l ato
} + . + S
C a b

> 3Y,

e



. A b C a )
By o= + = + = £ = 4 b + =
b c a ) 2 2
b C a
Exercise iZ. Prove for any non-negative a,b,c:

3 3 s . _ ., . . =z 2 2
a + b + ¢ = Z2-{at+b+c) (a +h +o )

G

Exercise 14. Prove that for anv triangle does hold inequality & = 3v3-p?
where 5 is area of this triangle and r is radius of inscribed circle into
triangle. When does equality hold 7

Bxercise 15. Let hﬁ,hh,hk are height of triangle dropred to the sides

a, b, respectively and dd,d dC are distance from arbitrary point inside

b >

triangle to its sides a.b,c respectively. Prove that
> o7. ¢

hqhbhc z 27 da jbdc-

When does equality hold 7

Exercise 16. Find out what s greater:

a) 20,9 + 1086 + {1 T or 4.

by T 2 + T.2 + 08 + 2-*{0.95 or 5.

c) log b + log 6 + log 7 + log. 8 or 4.4

~d =S =] 7
tAs long as in further we shall frequently use mathematic induction
methed ther in follows exercises we offer to reader perform uncomplicated
but of course useful work to gel szome wvery important inequalities.
Those inequalities in further will turn cut as a particular coses of some
generalized inequalities. You can ask here: wvhy don't we prove szome general
theorems and drop particular cases 7 Wouldn't it be easy 2? The answer to this
queslion 1s "yves” if the main point of this article would be a general
results as tt occcur in mathematic science articles. Howvever the main point
cf this article is not only <oncrete results. But what is more important
here is to show appearance and developments of ideas, their interaction
and correlations and different performance technic. Moreover, it's
desirable that notwithstanding with preparation, just aspiration to master
on this very interesting regten of mathematics knowledgs would turn out
as a decisive factor which is defined the rescluteness of work with this

articled.

F

o

Exercise 17. Prove for any natural number n and real x>-1 truth
follows inegualities:

a) (l+xy = 1 + n-x (induction by ni.
. N Wig SR e
b)) (14x) = 1 + .
n
When is equality possible ?

Exercise 15,

a) Let s,t20 & s+t=1. Prove that for any natural number n inequality

3 - i»1 {induction by n). When is squality possihle 7

3
<



'Y‘!+bn ial +b
b) Prove that ( d‘z ) = a2 for a,bz0.
: - _a_ . _b_ A s R 5y
{Hint. Assume s = P & t = P for a.b>0 from exercise 12).

Exercise 19. Prove inequalities:

n m al n
a +a +a +a 1. 1N & +A_+a_+48
- ) ( 1 Z 3 3 3 = 1 2 3 %+
“ 4 boos 4
i
a +a,+a, 1-n a ta +a,
b ('“_'7T~___) = B Sa— (Use reverse step).

We are going to prove Cauchv’ s ineguality (general case) and we shall do
that by several different ways and each one has special interest.

Theorem . For any non-negative numbers ai,a?,...,an holds inequality

a + a + ... + a

1 Z n - N i
Z Jaa.-.a‘

n 12

™
%]
)

which becomes an egquality only if a=a,=...7a_ .
Proof: (induction by no.

Base. When n=2 the thecrem is true as we ve proved.
Induction.
Suppose that for any 2=k<n and any set of k non-negative numbers

b+bh +...+b
1 2

. L. x . k S——
holds inequality " oo Jbibz...by and an

PR AV

bbby

equality holds only when bizbzt,..:b Prove that for arbitrary set of k

-
non-negative numbers I holds inequality (817.

Consider two cases:

1. n=2-m, then m<n and by supposition of induction when k=m and by base
we get

a+a +...+a a +...4+a
+ " +a 1 2z m + m+1i 2m TT\J—({T—‘—E{“ + IHF "
AT T, _ m m - 192" " m “mer T T " Tzm -
2m h 2 - 2 -
" «im«‘ - _mJ o ! _ Zm’!a = =
- 88,8 Bt ™ " " Fom - N A
21it i 363 s 1f & r i a = = .= U =, ..=8a
An eguality is possible if and only if a =a, a_ a_ ., - &
"{a 5 = mJ a and 1t eguivalents a =a_= =a
aiaz. . .dm = amu cea8, AanG 1T eq = IS Ci_ e s
Z. n=2'm - 1. But n+l=2m & m<n. Then by supprosition considered hefore l-st

a +a +...+a
1 Cz n

case holds inequality (8) for the set of 2m numbers B 8,508 -



R ot S =
L d o :aa..,.aﬁ-a¢~—~>

™ B . - 1 -
= S5 (5 ~-aa ...a )= 0. If at least one of numbers a.....,a more then O,

i 2 T3 1 n
. - T _ N e M ————— i .
then 5>0 and we get 5 zaa...a e 5z 431512. ..a_, and an equality
holds if and only if a=a =...za =3 &> a=-a=...=a .
1 2 a} 1 Z ja]

Thenrem is proved. =

ny

Fxersice 20. Prove inequalities for positive numbers BlaBa .., 1
= ig}

a a =Y
1 ‘ 2 noo
a)— + — + ... + — Z n
a a a
P 3 1
R n 71 -
b) aa ...a = (G. =G )
1 2z N i s} -
—
1 Tz T
1 1 - zZ
cl o fa ra bl Aa bl — bk A — ) = o,
i 2 T A a a

- - - * . . v
Fxercise £1 . For non-negative numbers :{1,:421 SRR ) prove inedquality

(14x ) (14x 0 .- (T+x ) 2 (1 + ”inxz...§—’>“

n

[

Fxercise &2. For any natural number n prove follows inequalities

a) nil = f—?——+1‘p1
¥4
—_ )
y 7 N < =
je ¥n j 7o
e) n-TdmFT - 1% 1+ s L+ E =1 4 on(1- -2
z ™ n'l/I"

A) (h->u+§w..pu+ﬁ~)<y

. ., . 1 gl N 1 Mok .
Exercise Z3. Let f(n) = (_l+——n— 3 & g(n) = (1.--4—?{} . Prove that for sny

n=1 fin+l) > £fin) & gin+l) > g{n).

Thecrem =. (Kllers). Let n positive numbers x .x ,...,x  satisfy the

condition = "x -...'x = 1, then x + =% + ... + ¥ =2 n, and an sguality
i 2 ™ 1 p:4 g

holds if and only if x=x =...2x .
1 2 ™

Procf. CInduction by no:

-

]

1. Hase = 2; x .x >0 & x =1, then x +x =2 =3 X+ =
Base Zn POX, -X, & x X, 1. then < rE,ZE < L FE

(_‘/xi—ﬁ/}:z} EN

B,

X X =P
1 2



BERGE

2. Induction Suppose that the theorem

prrove that the theorem is true for n+l. So,

R, wr x
[ A A 4

i
we can find two numbers such that one of them

In what follows we shall

o]
b
-

maller than unity.

i

(Always we can denote numbers o ¥

U 4
F N+

1
numbers would satisfy such condition. Then for set of n numbers
¥ oa¥ .....%  LX X the theorem is true, i.e. ¥ooX ... (%X
1 2 n— N n+i 1 4 n N+l
it follows that
¥ o+ X% o+ ...+ x + ¥ "X Zn &> X AN 4., +% ¥ +X =
2 -1 i8] n+i 2 ri—1 ™ ritd
Z n+l - (1-x -x X % &= N AKX +...+X +¥ > n+l - (1-x 1+ (1-x ).
™ i+l n N+ 1 2 ial N+l n+1
But (1-x Y- (1-x Y = 0. Therefore, n+l - (1-x )-(i-% ) Z a+l.
8l N+ 1 n n+i
Thus, finally we get b 5 I S i 4 = n+l.
1 z n ri+1
X, =1
, 3 p 1 i

Let L S S o 4 = n+l = n+l - {(1l-x i-(1l-x ) = n o+ 1 &= [ .

! 2 [aR s | n n+4 A =1

n+1

Suppose that Xy = 1, then xi+x2+...+xn = n and it means that by
suppcesition of induction sz...:XnZI:xwd. Theorem is proved. =
Cauchy s inequality (87 we could get as the simple corollary from Theorem 2

&1 A @ 5 e e oA
Let a -a, . e
a a A a a a
1 2 n . . 1 2z ™
L T a e, T inequality —+-—+.. .+ —
P P P P 1S
2R Ey a,fa,+...ra
= = 1. Hence, - - =
n n
ja)
when a =a_=...=a
1 Tz o

L% .
Exercise =4 . Let
any n positive numbers R N R N
inequality:
A I o (SN I
il . ( )

And equality is possible if only if

t(xi)-f(xz):t(xaxz)«ab-xlxé-(1—x])~(1~xé

any positive = Y.

k and x
i 2

is true for

'...xnxwﬂrl, Here is impossible that all

N LA
> (0 then by notation J?ﬁ%“'an

fx

)—bc-(lnxi)-(l—x2)~a0'(

any nz7. We're goi
let = ,= .....,x > ()
1 : ri+1
% » 1. Therefore.

<

b4
N+

supponse that X 1 & x

a & a
. 1 2 ia}
< T, 1L.e. e LT T
i P r
ai 512 a
L If ===, ..=—== 1.1
P ju = =)

-, 2 . )
fix)i=za -2 +b-x+o, a.b,c>0 & a+b+oe=l. Prove that for
such that X,

X ... x =1 holds
2 o
Y= o1
™ .
=x_ (Hint. FProve indentity
2 . 2
1-x ) (1-x%

1 2

Exercise £5. For any set of positive numbers A -8, ..., prove
a —-a a_—a a _-a a ~a a —a
1 3 z 4 n-2 n n- 1 1 Ti z2
+ + ...+ + y = 0
A +4 a +a a +& & +4& a +a
2 3 3 4 i+t ™ n 1 1 2

greater than unity and another
=1.
a0 that exactly two of last

by p we get for numbers

the inequality turns to equality and only in this case.

)

ineqguality:
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Consider next problems. Find the greatest value of product A

if x4+x +...x=a >0 & ¥ .¥ .....x = 0.
1 2 1 2 N

ial
-y - . . a - ™ a -
By Cauchy 8 inequality - = L and the uprer bound = for
. — a
Jyaxz...xn could be reached when xi:“?:...:xh:—ﬁ~. Thus, the greatest value

. . (=N
whi - is egual tc — .
of K, i gual to - )

What would we do if we couldn t know the Cauchy’'s inequality 7 But we stil
have to solve the problem and suppose that we alreadv have solved it.
Then, cobviocusly that Cauchy s ineguality would be a corclilary from this
problem and we ' d have one more way to prove Cauchv’ s inequality. 50 matter
is to sclve set above problems without using Cauchy s inequality.

Denote by fn(a) the greatest value of product R %,...% over all ordered
sets (xi,x?,...,xr) of real numbers such that R R =20 &
A 1

:x.:ﬂl+:x:2+...+:><,h = a. The set of such sets we shall note by Dh(a).

\

The correspondence (E&,Xz,...,x }o (tx&,tx2,-..,txﬁ} hetween sets

i
. . . - N n -
Dn(a) & I%(ta} is single-valued. Therefore, Tﬁ{ta) = t 'th(ay
Really, any set from Dh(ta) we can rewrite like this (txi,txz,...,txn),
where (¥ X ...-.%x )= D (a) and it follows
i 2 m A
N
ta) = max (tx )-{(t=_ ) ...- = )y =t - XXX ...X
fﬁ(-d} max X, t}2) {(t - t -ma ® %, .
where (Xl,Xé,...,Xﬁ) gets all values from E;(aJ.
. n P . - n
Hence, f;{ta) = t 'fn{a}, and in particular, fﬂ(a) = 'ﬁﬁ(l).
Tranafor the initial svstem of restrictions defined Dh(a)
X oAx_ 4., 4+ =a-x 4 %y *n n
X +x_+...+¥X =5 1 -1 " Dk =] —
1 2 n } a a a
. NN o D X X ,....% =0 &P - =
®Z0,x =0,...,x =0 1772 ne-1 X X ... =0
1 2 ! . B 1 2 n—-1
O%x =5 X
™ o ™o
o= - =1
O<g<l
8 +s8_+, .. =g
n—1
& S .8 .. ... =0 . Then,
i 2 n-1
b = as. . 1=/.,2, Rates
L L
x = all-=s)
™
- (a) = max, x X X = as { max as Y- (as, )" ... {as_ - a(l-s)t =
fﬁ(d" RS, FFp - %, T P8R, pME <‘s>(‘h’1) (as,) ( n-1 all-s)}
a1 n- 41
= {a"(1-s) max s s b= ampg, (l-s)- £ (s) =
“ePEy 0 8 (l-s) 'max §8,...8  +t = & < BAE 4, St 4B =
— ,P’_, .y I . . h-l. - — ,r’.." g . - P n-t
= d.sg§uJ]1(1 8) s £, (Lt =a Ind(l)sg?&’“(l s)'s .

S0, now our problem is to find a greatest value of function

65
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) not ‘ N n—2 ri—1 a=0 .
his) = (1l-3)' = onto segment [0,17. hi{(s)=(n-1}'5 ~"-ng =0 & [ T n-1

T n
n—1 . Rl f
. : ] o on~1 . n—-1 1 (n-11 NEPRAEE |
fence, ax 8) = max { Lh{l) . hi — — 1= =) T e =h{ — ).
Hence, SQF%:lp(b) max {h(0),h{1),h( — 't ( P - = hi — }
( 1 ‘iﬁ—'l. -
- - . n—.i} - . ~ N _ PN ™ - n
So, £ (1) = -f (1Y, Obviously, £ (1} = 1. Since n -f (1) =
™ 3] n-1 1 i}
n
Rkt TS . B oL L, i . a .
= {(n-1} - f {1y, then n - {1 = 1 1T (1Y =» &£ {1li=—— . Hence, f (ai={-—)
-1 . i i 1 ™ i n
. ., oA n . « s . . &
Thus. bogD- . - e and egualitv could be reached if & only i1f = =-—
1 2 ™ Ti al n
y ~ ., a .n-1 . n-1
But then xx ...x = (—) and since =¥ ...X =5 —— = a , then,
i 2 -1 i) 1 2 yi—1 I 1
= r—1i & N
X X x5 (=) and x_ = 1 _&@(n-l) & and so on
P, < . o o —_ a7 o haad bt 7 - L ot -
172 r-1 n-1 n-1 n-1 n-{n-1) n

{This moment you could prove byv induction by n).

Csuchy s inequality by itself and also some inequalities-corollaries from
its are very strong tool over many regions in mathematics on solution of
prroblems and proof of theorems.

Assume in Cauchy ' s inequality a =a = .. =a
1
we get:

Al

=l1+x., where a =...=a =1, then
m+i Y

moT

U
, n S{14+x)4n- v . . .. m
j:1+x)n < o 1 2) n-m - 1+~§-x or {143 = 1+—5-x.

{equality is possible only if x=U). So., for any rational r which is

smaller than unity holds inequality

(l+x)r =1+ r=x {10) - Bernoulli s inegquality
If we denote 1+x bv t. then Bernoullil s inequalitv can be written
.

£ £ 1 4+ 1 (t-1) e t -rt+1r -1z 0.

. . , \ , 1 - ‘
Let r € @ (r-rational number) & r>l, then —F—<J and for any s>0

X . .. 1.1 1 1 P e g . . R
holds inequality = ~~;~-s +J;— - 1 % 0. If for any t>»0 instead of

N r s -
=z we gubstitute . then we get inequality

t —~%ﬁ'tz +~%— - 120 & t —-rt+r-1%0.

For any x>-1 instead of t we substitute x+1>0 and we obtain inequality
(1+x)r33 1+ r =, (r=l1)

Thus, we ve got two pairs of very important in applications inequalities:

P \x‘ o, .. - . -
(1+x)y =2 1 + r-x, x=z-1, r<@@ & r>1 (1173
(1+x) < 1 + r-x=, =>-1, re@ & O<r< (12)

{Eguality in twe of inequalities is possible only 1f ==03

N

[t
L



®x - rx+1r - 120, 20, relk & r>1 {139

r ; -~ P . -4
¥ - rx+r - 1=0, xx, ret & O<pr<l (147

(Ecuality in two of inequalities is possible only if x=1D.

Using of rational exponent is sf iction which we can simply remove by
some means of mathematics analv is. If we stay on conceptions of limits and
continuity of exponential function, then extension inegualities
(11),(12),(13),(14) on real numbers we can carry out by the same way.
Sufficient to do it for anyone of them. Inequality (143 by historical causes
convenient to this role as base. We shall get others as a corollary from its.

Let & - real number with O<x<l. Then there exist sequence of rational
nnumbers r ,r_ .....F .... . such that o« = lim r (sequence of rational

i 2 il n->00 ™

o

approximations of the real number x) & Ocrr<l. But then for any nslN holds
]

N
. . il - - - .
inequality x - r X +r - 1 = 0. Bv passage to the limits when n»w
i)
r lim r
lim (% -r ~x+r —1) £ 0 <« W xlimr + limr - 1= 0 &=
ok 1 n T Thn T - : n&r{tn:r r h—J"Eﬂ IS o=

(o9 . -
& ¥ - X'x + o« - 1 = 0.

But by passaging to the limits the strict inequality x>0 & =#l turns to w=ak
inequality. We have to correct it. It's easy.

Let r - rational numbers, then «<r<l (there "iqt such number -
prove that between any two real numbers there exist rational number).
. o o -
Then U<—;ﬂ<1. Denote - by . We get:
X . 3.r . " . 3 . 3
¥ - x'x® +x - 1 = (x{) - r P 4+ r3 - 1. Let =1, then x{#l and for ¥
. . . : 3.,r _
and rational O<r<d haolds inequality (7)Y - v fx 4+ r - 1 < 0.
Hence., (%) - 1% + r {7 - 1 < rx —rB3x + r 7 - r.

But for any real exponent 0<3<l holds inequality

2 } . , . ., .

¥ - x4+ - 12 0. Therefore, finally we obtain:

x ) A . ’xﬁ - v - . L

¥ - X + X - 1 < r (-3 x+3-11 = 0. What s needed to prove.

By involving powerful means of analysis - derivatives we d sharply reduce
technical work, but this economy is under sign of question since a lot of
theory representing this possibilities suggest to spend enormous

efforts that make sense only i1f the work on mastering this theory already
has done well. And the goal of its using does not restrict one problem.
Suppose that last condition is true, then we re going to prove inequality

[ 4 - .\ o~ p F
¥ — x4+ - 1 =20 for x>0 &% O0wx<l.
- . - , o _ ) ) L !
Conasider function f(x) = x -~ o« %w + x - 1 = f(x) = «xx -,
. S N x—1 . . R .
Bguation f (x)=0 &= x -1=0 has a unigque solution: x=1.
. o -1 -1 - \ o
For O<=<l = -1>0., and for x>»1 == -1<0 since O<x<l. Therefore when =1

f(x) reach the maximum f{1 =0 and it means that for any x>0
¥ - xx +x -1 =40,

and the egquality occur only if =x=1.



o

S0 we have for now four following inequalities:
e G ‘ ] i
(1+x)Y = 1 + > x, x>-1 & x>1 {15)
) eqgquality cccur if x=0
, X g . ; .
{1+xYy = 1 + x- =, wr—-1 & D] {186,
(2.8 - i~ . v
Do L S s R ¢ I »>0 & x> {17
x egquality occur If ==1
w - xx +x — 1 =0 . x>0 & O<x<] (18)
Exercise Z6. a) Prove Holder s inegqualities
1.7 179 . 08 t o 1 1.
= p't T = ==+ -— , prl & —_— 4 — =1
4] < = d
s,t>1
1. 1/q . @ t. . 1 1 ’
s Pt =40 0epel & =+ =1
P 4 j& g
o , c L e e , , & 1 ]
int. In inegualities 17 & 18 make substitutions x= rl P, q:—ij—.
h) prove inequalities and find out when occur equality:
n g} 1.7p n 1.7 1 1
e P q A R .
=y = (Dx ] (S:yi ) - *a =1, p>1
i N g L= ’
n i 1.7p s} 1.9 1 1
17 = ’ LB . { a e e - 1< e
» b Ai_VL = (}: }'i ) ¢ 5 y_ ] ) 5 + q T4 O<p<]
v =41 1= 4 LT 1
variables X ¥ X & YV, Vys---,y, are non-negative:; in second ineguality
A ] 1
V oV 2. ...v >0 since g=- E_ 0.
sV 27 B 8 1.
P q
. V.
. . . - . . . L 1 .
(Hint. In Holder s inegualities sassumea: s = Y t = — . t=d,. ., )
L ¥, L V.
L=1 =1
Those inequalities as well are calling by generalized Gelder s inegqualities.

o) Prove Minkovshky s inegual

1.7

ities Find out when equality occur.

sl ™ 1.0 o 1.0
' . o4 VF < (s P T S F ; .
(Zx+v) ) =(E2x" ) +(Zv ) ., if p>1
v =1 1=4 v=1
n 1.-p n 1.7p s} 1.p
. . - P~ - P [ -
(L (x;ﬂﬂjp ) = (="} +(Zv ) . if O<p<l.
L=1 =4 1=t
Hint. Use indentityw
ia] gl 1 ia 1
P . o
Tix+yv. ) = L x - (z+v) + Ly o {x+y )
. L . T 1 L X v 1 1
[ § v=1 L1
And use to each one of sums in right side the generalized Gelder s ineguality
. ©
wilth exponents v & 9 9= ——5 -
o A }" ‘i. “{ p__ 1

ala]



The inequalities from exercise 26 are very important in mathematics.

As regard Minkovsky s inequality is an object for another talking about
generalization of distance concept.

t

&

Let t1 t? prositive real numbers. then substitution x= into

‘2
inegquality (18} vields:

'_JSEA'C( t’i - { <0 fcx_ x4 -+ . < 0
['tz} S A - 120 e bty -k - (1), 50,

And equslity occour only if tlftZZI &= t1:t2

Assume x = & aizl_ﬁ, and in last inegquality we get that for any ti,tz
&'Oﬂ’aézo & 03+a§:1 holds ineguality:
X (5.9
1 2z . -
LR I S T . R ¥ {
1 P4 1 1 e 2
Bguality onlyv i1t =1 .
1 A
Theorem 5. For any numbers x.%.....,x 20 & X 50, ,GHEQ such that
ﬁ1+ﬁé+-.-+dn:l holds inequalitwy:
o x
5 p M -
X e ... X =X x4 X m o+ L. + X % {209
i 2 r i i 2 2 n n
(Bgquality occcur only if ®, =¥ :...:xﬁ).
Numbers X >0, .., X are calling weights.
fL‘K‘i L.‘(z o
‘ ™ .- .
Numbers o -x_ + xX_ -3+ .. + x x & X ®, b4 called weighted
: 2 2 2 ix} 2} 1 2

arithmetic and geometric averags respectively.

Proof: (induction by ol.

1. Base. We already have this (this is inequality (19)).
2. Induction. Suppose that the theorem 18 true for anv nz2 and we have
prove that the theorem is true for n+l.
et = .3,...,% 20 & «x,oc,...,x =0 & o+ +. .. x =1.
1 N+i 1 2 ™+l 1 z s}
Suppose that 1#0, since otherwise we obvicusly have the induction.
N+
Therefore,
o x a4 o+ 4, X 1
i 2 ) n : 2 r n+i
: + T = = : = 1.
T-x -~ T-x T« T~
i+l i+ 4 rt+t N+ 1 il
ilse consequently inequality {(12) {The Base of induction) to numbers
1
(5.4 [& 4 -
. 1 ISUNE Bt ¢ . . ) ¢ X I 3
by s {x ... x ) n+1 with weights « & 1« and supposition of
itk 1 ial n+i ri+1
0(1 x
. . . , : i3
induetion to numbers X .3 .....X with weights ——— . . we
1 Z T s 4 i 11—
i+ hm+ 1

BY

to

get:



X X [a x x & x40 e+t
1 2 ial [ak | n+d ) 1 2 ., n+d .

bi4 b 4 S 4 X = X (% -= N S "X

n n+1 rit+d 1 2 T rit+d n+1i

o o6 x
1 2 ri
1-0¢ . 1-X . 1-X . r:(i o
rit it it . ,
+ (1-x yoow = - 4 = (1-x 1o | X o+ ot..
ri+d ntd 1-x i - b
n+d i+ i
o
i

+ - X )} + x "X R O U . - S R e -

1 r n+d i+ 1 1771 2"z n

ritd
3¢ x X 110

v 1 , ‘t‘ r lF ( 1 2 o, ri+1 Py
ALOgua L 1T aooCcu I g ={X - X PR 4 44 X=X =...=X .

v v et 1 2 n 1 2z "’

i.e. when H TR S.. =X . m

We could prove this theorem hyv ancther way, namely as a directly corollary

from Cauchy s inequality. First of all prove it for rational weights:

roaro....,r . Bo, let r.r ,....r are non-negative rational numbers

such that roAr b4 =1, then they could be written as fractions with

Ll

the same denominator: r=—, i=1,2,....n and in this case k:+...+kn:m

L T 1
: r r m| k k! x4k x +...+k %
1 z n i z N 174 272 n
®w e b4 = dxToxT-l.0x =
i 2 n 1 2 n m
by Cauchy s inequality used to set of m numbhers ti,tz,,,.,tm such that
=t =...=t ==, t =. .. = = , ..., *t =...=t =x
ti tz ¥ {1 ’ t-k +1 tk +Xk 2’ ’ ~t“k +. . .tk +1 t}c +. . . +k n
4 1 1 2 1 rn—1 1 ™

Equality in the derived inequalityv reach only if X,TX S LLEX L

From proved inequality following fact. Let = .x ,...,meO are real numbers

1 2
& L R >0  are rational then holds inequality
3 ™
1
r r r e e r®4r ¥ +...+r X
) 4 2 ia) ro+r +. . .4 - 1 1 z 2 nom
{(zz "= -...-®= )} i z n =
1 2 n r+r_ 4+ ...+ 1
i 2 3]
Let plq%,...,pr>0 real numbers then each of Q'(irl,..,n) is
- 1

a limit of some sequence of positive rational numbers, i.e.

=13 I R { A all kel
Q'ggg r.o» i 1,2,...,n, with rﬁ-o for all k

Pass in inequality

1
r X, 4T, WA +r_ X
ik rzk rh)r 1k nk 'P:lk 1 rzk 2 Phk n
(x," x = ™) = Ty
1l 2k ) nk

a limit when k»x we obtaln inegquality

7O



P +.o..+ h: + = + ... + =
P P, P P P Pi'ii pz > }’;"h h

1 2 ’
" p1+p2+...+ph
PP, P as before are calling weights.

- -y s VTR
Exercise Z7.

a) Let a, b, x vy are positive real numbers. Prove inequality:

(Z)° (L) = (ELy™

17
P4
e}

o]
A
A
4

Y Let a.,a ,....,8 |
1 2

e HE s .. s X are positive real numbers.
ia) 1 2 ™

Prove ineguality:

x a b d a = a X +x_+...+x a +. .. +a
( 1~'] 1. (’i) 2_ ‘( ’_h_ N ( 1 4 2] } i o
a8 - a - T & TN a a4,
1 2 % di dZ aﬁ
(1+£)""F
Exercise 8. Discuss function f£{t)= - 5 - . where p>0 on extremum.
t
Prove ineguality
ol A+p
(1+p) < (1+t) 150 (22
pp +F

HEguality occur only if t=p.

Prove by inequality (22) the inegualities from exercise 27. The inequality
from exercise no. 23 is a base inequality since from this inequality
follows but in reverse order all inegquality considered above in this part

of articles.

P

nm

Fxepoise 29. Let numbers a.b.c — length of triangle sides.
Prove inequality:

b c-a ~° a-b 5
e 0 ) e 5R) e 22

it



Variation 3.

Next step is consist of introduction of interesting way which we are using
more than twice and therefore we can call it by parametric method.

However, actually we are talking about the method which is based on using
of one or more parameters and which allows us to use some base inegqualities
in cases when directly using of them does not give desirable result.

Had rather to explain the essence of the method is to show how to use it

in some problems.

I start from the problem which led me to an idea of using of indefinite
rarameters:

Find the greatest value of function:
fix.v,z) = $4x+1 + {4y+1 + J4z+1 |, econ x2,v,z20 U x+y+z=1

First of all 1 used Cauchy s inequalityv to expression J{2a+l represented
as {(4a+l )1 . Then J{da+l = —=— = Za+l.

By this inequa]ity we could get the upper bound tfor possible values of
function fi(x.v.2}

f(x,v.,z1 = Zx+l + 2v+1 + Z2+1 = 2-(x+y+z) + 3 = 5.

But when I noticed that egquality occur only if wzy=z=0 (da+izl &= a=0},
1 understood that this way would give just unreachable uprer bound for
values of function f(x,v.,z), since the conditions x+v+z=1 and x=y=z=0
are uncompatible. Therefore [ denied to use Cauchy s inequality and

I went on another way, namely [ ve used ineguality:

2 2 2 172
-a t+b +o a+b+c — ,
( =5 = ) =z 'wwq—L-, where a={4x+i ., b={dv+1 , c={4z+1 . Then
- f(x,yv.2) y2 . Adx+1 + 4y+1 + 4dz+1 4 7 2 i
{ R A Mesd = A . = — - , ey 1
{ 5 17 = 3 = 1+ (xhy+z) =g e (x.v.2)221 <
V- . . 1
e f(x,v.z)E¥21, and equality occur if KEZYZZ= =

However, finishing with this problem I went back to the Cauchy s inequaliity
2= = fab . dince this problem was offered on region mathematic olvmpiad

then as 1 thought this probiem should be solved as much as possible by

SCary : As T wnderstand the Cauchy s inequalityv is completely

tie irmdﬂdh moreover, that the tunction s form pushes me to this way.
As long as I failed here bencause first partner 4da+l by Cauchy s ineguality
than, I decided to not fix the second factor under root, to be more

precigsly. instead of expression {4x+1 + {4y+1 + d4z+1 consider expression

J(ax+1) ¢t + {{(av+1)-t + {(dz+1)-t = Yt-f(x.v.3).

N A - . E14T e Aoy
Since J{(dmri) € s EELC e iy o AVELRU D rapiiye s Aerlit

9 0’) b vp 2
then
. L 4 ix+y+z 143430 T7+3t X . 7+3t
‘V’t-f{x.y~z,) = ¥ O8] = r)’ = tix.y,z) = r"lff
and equality cccur only if its holds in each of three inequalities
it means that when 4x+l=dy+i=4z+1=t or when

72



. oubstitution =x.y.2z into condition =x+y+z=1 vields the value

. 7 . . : - C 1
of parameter t:~§-, and it gives the value of variables XEVEZS = .
7+3%

B

Inequality f(x.,v.z )<'~;r“ holds for any =x.,vy,z20 & x+y+z=l and for any

.
L

t>0 (and parameter t is free, i.e. it is not linked with variables

X ¥.Z by any conditions). Therefore. in particular it holds for t=7.73
, . 3 . - e T+ .
and it yields the equality t(x,v,3)3~n17/q Y21, where upper bound could
. 1 N S B | R - .
: reached if Xoy=zz 5 {(f{-,-,=)=8y — + 3 = Y21).
be reached i y 3 (_&3 3 3; 2 I 1 = {37
T by . 4 P o /“?‘l:g't_ - - R
We could change the reasoning at the end. I(x*yﬁuﬁz~?f£ for all t:0.

; . . ?+3t - \ , . . I
Hence f(x,y,z) = @}g e =¥21, and since the eguality in ineguality

- T+ 3t .\ . . . - + " s .
f(R,.v,2)1= - ST holds for every t, then it holds and for t which minimize

? t - v e . 7 L, 7 t N
the function —§%7~ on (OU,w@), if t=— . (—%ﬁ« VY21 e (Ya-t-v7)°20)

Reader who wants to get more confirmation that this way is effective
should solve following problems and its generalization by indefinite
parameter method:

Exercise 20. Find the sgreatest value of function

(% % a2 ) = dox +b + Jex +b + ... + dex +
£ 17 : J‘”}i b1 {c z Tz A!"sz bn

n

with K X a...,xzZ0 & X +X +.‘.+x =a>»0, where o,b ,b_,....,b =0
E S 2 ™ r i ped N

Exercige 3. Let c¢.b ,b ,....b are non-negative numbers. Find the greatest
value of function: )

x e —

k - ————— — S —
fix .2 ,....x ) = I(ox +h )"+ 4 (ox_ +b A S j(ox +b 7.
12 ™ i 1 T2 2 ™ n

when xl.x?,-..,thO, xi+xz+..,+xh:a>0 & k>m - natural numbers.

(Hint. Use Cauchy s inequality for k numbers).

success of that pushes me to think that in my hands is very effective
way for proof of inequalities

a?+a2+._.+aq 17 af+a§+.,_+aF 1p
- ™ - . ~ ™o~ -

= AT P> {23)
[' n ] ( T ) F ! ;
i.e. the proof that degree average G?(al,a?,...;aﬁ) is increasing

function of variable p>0.

The proof of inequality (22) is based on ineguality (193 which is wr
like this:

Fe
ot
of
o
5

X ®x 0 =2 xx o+ (1-x)ry, for Odx<i & x.,v>0 {(24)
This is another way of writing the Cauchy s inequality (8) in the case
when aza =...=a =x & a, =...Za =vy.

1 2 ¥ k+4 n
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Actuslly, in this case Cauc

hy s inegquality could be represented

i o
ixk'yw% < k-x + (n-kj ¥y . k<n

{253
= _
. ¥ n-k ) P 1 : -
Noting X=—— . We get — = 1 -x & inequality gets view of (24), where x-
1
is rational number. Hence. reader may take inequality (23) & (24) as proved
only for rational r & g
Now the time for proving inegquality (231}
Let a.,a ,....a . x t < R, with a ,a ,....a =0, O<x<l. Denote
< "y 1
ai+ai+._.+an by M. Then for arbitrary positive number t holds inequality
(s 4 1~ . . N . .
at't = xta 4+ {(1l-x3-t, 1=1,2.....n.
Their addition vields
11— (0.4 o oC . .
t “{a +a +...+a ) = oM+ (I-x) tn
1 pra ™
or it is equivalent to
X X s S ) xX~1 .
1+a?+...+a < (x-M+(1l-x)-tn)-t (26).
With the equality holds when airt> i=l.2,....n, i.e. accounted that
~ i e e - M
a+a +...+a =M. where a =a_~=...=3 =tz — .
1 2 n 1 2 T
By setting t=-— into inequality (26) we get
aﬁ+ CK+ + o
a_ +...+a
x X x -1 1 "z o o
a +a_+...+a EM":-DL} o d :::(-Iﬁw) PR
1 2 r 4] n N
o o
a +a_+...+8 1% &8 +...4
b [ i Z N ) . i N
- n - - I
equality occur onlyv if a=...=a_.
Let p & g be an arbitrary positive real numbers with ag<p.
Substitution u:-g— & a}:bf . i=1l.2, . .n. {where bl,bz,...,bh are arbitrary
non-negative real numbers) into inequality vieldss
(5.8 X
a +a_+...+a 1.7 a+...+a bl .. +bT  prq o+, . +bT
- 1 F4 n - N 1 n 1 (I - 1 r
[ ] = =3 ( ) =
n : n n - n
blabpie . . 4bT  i-g br+bF+. . 4B 1ep
[‘ 1i 4 iz} ) < { i 4 ri )
: n : ook n . ’
Equality cccur if b{4¥:...:bh.

NN



2 z z
a + i) + o] 5 2 (x-=1) (08)
a+b b+c c+a w2 e
we counld reason otherwise. Since inequalities In (28) hold if and only if
acAazasth, o-bebhyo & oo ;. then addition those irequality vields
o (a4 h+ﬂ}“°'(a+b+c} {where a+b ozl =5 «z=Z. Since inequality (28) holds
for any o, then when x=Z holds following inegualitv:
2 -4 Z
a ,_ kb S 2-1 _ 1
a+b b+e c+a 7 4 Tz
. . . . - . . 1
with equality cccur if Zaza+b, Zb=h+c, 2cz=c+a, i.e. when a:b:Q:?;.

As an exercise we are going

to offer you follows problems.

2 2 2
e . . . hre v z .
Exercise 22, Find a minimum of function — + with
X+y V+2z 2+
yv,zx0 & dxy + dvz + dzx =1.
Axercise 2.
a) Let SRR RS S 0 & x1+x +.._+:=:n =1 & k<n. Find a minimum of
of function:
2 2
X X =
- 1 a2
AR R X +X_+ +x + X_+¥_+ +x o X +x + +
- i - - - - o- Py < e - & = ES £ - * w Fy
1 Kk 2 '3 ead S e
bl Let D =0 & a, -8, . .,ak>u, kxn. Prove inequalityv:
2 2
hid b3 b3 X oA+ .. +X
2 [} . 1 2 bal
5+ A w T + +8 % ot © o+ +a. x = ata +
d1A1 PR r:l.kz‘.k rj.1“2 dk.*\k*_i ainﬂ PR a]{;sk_i d:l [ e ak
ki k? )
- . . . . A T
Axample 9. Find the greatest value of function XK, . X where
2 FX + +x =1 & = .= .. ...x »0.
\ A - j & . > ; n)
Solution:
Denote kj+k2+_,.+kn by m. Notice that from Cauchy s inequalityv follows
m! ¥ k ko k X -H{ .& . .+k %
«l 2 n . IR T o
A X ... =
‘ 2 i m
Very attracting to discuss the greatest vaiue of kﬁX{H%Xé+...kh?r.
1
But the values of Hoaeo s X such which occur inequality should satisfy
. . . . . i
condition TN oT...=x and it follows that, x =x. =...=Zx = —
1 2 ™ 1 2 n bl
The greatest value of kx +...+k x for x4+ +...4x =1 & SR PR 30
I § N | 2 r
could be reached if X EXR T LEX only if ka:k?w .:kh Otherwise,

-~

v

2

=

7...7;\

function f(x )= k V-

.
s

may have values more than

Y

...tk
n



b;p+b;p+. . .+b

n

n

then

G
first G =G for p>0,
e~ o
L —1 -1 Lo
G (b .....b Y= G (b
1 N JoR §
Thus for any two

It seems
rational

itTs

that the

shown above examples.
the

very effective.

Example . For a.b,c

Solution:

>0

F4
a

ath

s 8{ q = N & ibi,b

etffective to use indefinite parameters.
rossibilities of using indefinite parameter are
We are going to
indefinite parameter altogether with other base inequalities work

& a+b+c=1 prove

and secondly from o<g<p it follows that

& G (b.b......b Y = G
- 1 4 n -

,,.,,brzO holds (23).
1]

2

It would be

show more problems

ineguality:

2 2
b oo 1
b+o o+ A 2

(3 (bl’kb" e Wb

T

)

to me that this brief proof which is not requiring of anyv means for
exponent except Cauchy’'s ineqgquality is the best confirmation that
wrong to think
restricting by

in which solution

From inequality (7)) follows that for any x.v>0 & o0 holds following
. . (x-x®) o . . : $F - ow=
ineguality: EEEvE E O A (equality occur onlyv if X XTY ).
Hence., since
o~ 2 r‘{2 b2 1&2 hZ
0 & - . . » ) . . (& G
— = 2x-a - (a+b), —/— = Zx-b - {(b+tc). - Zx-c - (c+a
a+b ¢ ' Bre { / cta ( )
we get
2 2 1’_2 r‘Z
4 a . o) - v e \ L .
- + —e—— )} 2 Zo¢c (at+bh+rc) - 2 (atb+o) = 2o - 2.
{ a4+ h+c o+a ( ’ { =
2 2 2 .
a b o ., o (x=1) . :
Thus. + = for any o=0.
hu a+b | b+o | c+Aa z o any
(5.4
But then
2 L 2 2 .
A + 8 < > - max uflw Since _Eii_ < j;“ > (m—?)z = 0
a+ts h+c c+s T F - ‘ . [ttt 2 - 4 = i
5.4 o
2 2 2
a b c ; .
then . - — .
a+b b+o o+a 2
with the equality ococur only 1if > azath, o brbde, xozcra & 0532,

1
i.e. a=b=c=1/3.

At the moment we derived

inequality:



k+k +...+k
i 1., 1 2 N - 1
N 1---1”—)"‘ < max 'lk sk .’-"f‘k £
n'n ol T 1 2 r

If i such that k; = omax {ki,kz,...,kn}, that k;:f(0,0,D,...,l,O,...U)

{1 placed on i-th place). Therefore, it is not the way to get needed result.
However. we can save it by introducing indefinite parameters ti,t s ee..t 0.

2 "
Then: '
k % k 1.-m It x4+, .. +k t =
. N . Z . on - hi BE R hh-tﬁ 1
(b=, ) (b =3y ... - (t=x1 ) = : P
1 1 2 2 isBR s m
k X k ktx+...+k t = m .
1 z n . s 1 a1 non o - 1
&= x xS -...x = ] - , .
1 2 e} m . kl l»‘22 k
A ™
ot .-t
1 2z ia}
With equality occour if taxiztzxzz.._:tnxh. From other hand, setting
1 . - . .
t=-—, 1=1,2,....,n vields for sum ktx+...+k t x constant value
L k 17171 non N

i
which is equal to one, that abolish the prcblem of concordance the equality

condition with the maximum of sum k1§fﬂ+...+khtnxh. Hence.

X bod b4
1 2 n . ~ . . - . .
WF‘Z_E—:"‘:'E—:k’ where k is a factor of proportionality. Substituting
1 2 T
e (i1 O . 1 - - 1 .4
==k k . {(i=1.2,.....n) with = +x +...+x =1, we get k = - = —— _ Hence,
L 1 1 Tz n k+...+k m
1 m
kt 1 1
% =-— ., i=1,2,....m. Thus, whe tome——, t= - ey T e inegquality
el 1.2, .. Thus, when N TZ i t the inegualitby
1 2 12
ko k, k
12l
k k k k¥ ook ...k
. 1 z no 1 2
could be written XN, ... ® S - . where the upper bound
1
m
k %4 ¥ k
C s 1 2 [l - s L . -
of function = -x - ...'% could be reached if ==-—, 1i=1,2.....1n.
1 2 2} 1 m
111 1:2 k
. . e . . . ©n .
It follows that the greatest value of function S with
¥ s IS 2 Xk
V 14}
kK k. -..."k
X +X_+ +x =1 & x ,x % >0 is equal to z .
XA A EL & X K LK S NS qual tc k1+ %
™

Example 10. Let XX, ... 2% € fa,b], where O<a<h. Prove ineguality:

2 2
(x +x + +3 ) | R S + 2 < B (ath)
e R R P I Ry

i ‘2 n

Solution: For arbitrarv positive number t we have

i 1 1 ' . PR
(¥ 43 4+, 43 ) 4+ — ) T lTE by b — 4+ + — 1 =
i 2 ™ ® ¥ # i8] L= i
X 2z T 2l



1 1
(L +tx +...+Lx ( . —
'txi%fhz t‘”?‘x) + ‘tx1+ + ix )
. n 1 1 .
= 5 = (= 4+x +.. SR Yo — 4+ L.+ E
& 1 2 x® ®
i T
= I ((ex ot 4 Fo(tx = )® (29)
4 T e T T th -
Let D<ec<d. Prove that for any w={c.d}] holds inequality:
1 . i i . . : -x
X+ —-—— = max {oc+— .d+ = }. Notice first that x+-— 1 <y+—lw &= y-xZ y—x &>
b4 C d o v Xy
o s P 1 - 1 . 1 1.
& {(yv-x}) (1l-xy3=20. Let c<x<d. If =+ o+ — ., then »x+—= max {c+— ,d+ =1}
= C boA C d
o l .. 1 I . v v v »
Buppose that x+-7- > c+— . This inequality is equivalent to
j
(x-)- (Xc-1)>0 &= x>l =2 xd>l & (d-x) {(dx-1)>0 &= x4+ >d+j%—.
) ~ _ . 1 . P 1 1 . ,
Thus, for any =xslc.d] x+— = max {c+-= .d+—= 1+ and since the upper
Pl (Y {
. . ] . _ . ; 1 1,
bound could be reached then _max §x+-~; = max {c+-—— .d+ b
xEtanb w o d
Turn back to the main inequality. Bince x<la,b]. then txelta.tb] &
t + - 1 = max {tad 1 1 i=i.....n. Notice that ta+ —l——tb+-l— =
v ot b ? ’ e ST © ta th

z 1 \ , . ey o s
t ab-1=0 &= t:‘QEE;' Since inequality (£9) ig true for any t, then

. . . \ 1 i = b a+b
in particular its true for b= — . an >y tx + —— = — + —— = .
F Yab d then X tx; { = a Yab
it means that
1 1 a+h .2 2 ta+b)
K AR b X ) — + +— ) = o on ) = (30
( - 2] ! :»:1 \n 4 { ab 4c1k )

When n is an even, i.e. n=2k for some k and upprer bound is reachable if

¥ Tow. T,..Tx =a H x = wb but if n is an odd number it s wrong.
1 2 L kvt
Searching for uprer bound for any n, i.e. maximum of function
F{x ¥ .- 3 = {3 +3 _+...+X ﬁ'f—i~+—i—+.,.+ L Yy if xela,b]l, O<a<bh -
172" T B § 2 n :{1 Xz b ) i SRR )
m

ig a complicate problem and it can be solved by other ways. (See "DELTA" "=
competition No.10).

We re going to show one more example of using indefinite parameter method
in the proof of Cauchy-Bunyvakovsky-Shwartsz s inequality which is playing
in mathematics and applications very important role. We are not going to
stay on explicit geometric interpretation of this inequality connected
with mesures of length., angles and with conception of distance in finite &
infinite spaces. However, we shall use the notion system in which yvou can
see well-known inner product from vector algebra.

Theorem 4. For any = .2 ,....% &V .V, .....V holds following

Cauchy-Bunyakovsky--Shwartz (CBS) inequality:



z 2 2 2 z 2
(= v + ®y + ... + X v ¥y = (x 4+ 3 + ...+ x yAv o+ v o+ N
i1 AR A [T & i 2 s P4 i

with eguality oocour 1if and only if there exist k=R such that

i (See strict definition of ordered set on page 88
Proof: Nal o wo ordere aets == X L. ) r={ v L
Proaf: For two ordered s wE(E LK E ) & YEY LY, -5V )

Note the sum X v +x vy +...+x Vv by S(=,v1.
171 272 n'n

Notice following facts - simple properties of 5(x.v). (However, the reader
should prove it by himself)

1. B(x,») 2 0 for any set 2 and S(x,x)=0 if and only if x=0. i.e. when
w=(0,0,...,0).

Z. 3(=x,y) = S({y,x) for any = & v.

3. S(kx,v) = k-5(x,v), where k - any real number, x & v — arbitrary sets
From 23 & 3) follow that S{x,ky) = k-5(x,v)

4. S(x+y.z) = B(x.z2) + S(yv.,a), for any sets of n—numbers %.v & z.

(Here kx-(kxﬁ,kxz,...,kxh) b4 x+yw(x1+y1,.,.,xn+yh3).

By those notions the CHBS inequality could be rewritten as
2 - .
S (x,viss(x,x)-8(y,y)

The proof is very short

From 1) property for any sets of n numbers x & v and any number t (here is
a parameter ') holds inequality &(x-ty.=2-ty) = 0O when equality occur

if and only if x-ty=0 or x=ty. From other hand, using properties 2).,3),4)

. - . - - 2 L
we obtain S(x-ty,.x-ty) = 8(x.x) - 2t-5(x,v) + t -5(v.y)

Considering sSi(x-tv,x-ty) as guadratic three terms relatively parsmeter *t,
we conclude that S(x-tv,x-tyv)z0 for anv t it and only i1f the discriminant
satisfy inequalitwv:

2 v e o Sy
(%,v) = B(x,x) olyv,v).

70

2 - . ~
SH{x,yv) - B(x,x) 8(ly,y) = 0 &

In this case equality S{x-ty,x-tv)=0 as quadratic three terms relatively
variable t is equal to zerc if and only tf

fang P i

S {=,vizE{=z,=x)- 5(v,vy, from property 17 it s pogsible onlyv if x=-ty=0,

o

i.e. =ty ., i=1.2,....n. That was needed to prove. m
1

1

The sets x:(xj,xz,...,xn) & y:(yi,vé,...,yn) could be considered as n-dimen-

tional vectors. BEquality condition of CBZ inegualitv can be considered as
collinearity condition of vectors x & v.

Of course the CBS inequalitv we could get as a particular case of Gelder s
inequality (exercise 2868(b)) with p=2. However, as said before we are
interesting in wavs of deriving but not in result by itself. In this case
the closed (by references) proof is preferable.

Congider the applications of CBS ineguality to inequalities proofs and
problems solutions:

. 2 2z - . , . N

I, Ineguality (aj+dz+...+d y'n = zai+a2+.;.+aﬁ> is aimple corollary from
CBS inequality when X =a & v.o=l.

l T

' &
o . . \ 1 —
2. Setting in CBS inequality for a .a ....,a >0 == — . ov=da
; etting in CHBS inequality for a ,a, dnfL . :F;* v J;1+1'

L+ 1



iml.2. . ... H x = . . ~a . & T
4 j 2 0 Aﬁ ']"; Vh & W get
zZ 27 Z
a & =
1 2 n L 2
(_'“—‘v‘—" +""+-'—_—) (Fi +a +...+A8 +5 ) & (g +a +...+a *}
= = a F4 3 r—1 1 4 " =P
e 3 1
2z 2 z
=] =3 &
1 2 "o o o
&p ~— 4 —— 4+ . .+ -— 2 a+a +...+a ., when eguality occur if
a a & i 2 ia]
2 3 1
= a &
i 2 = n - -t r . 1
T ST & a=a =...Ta . pimilarly we can prove
Ei? Eia ai 1 > "

inequality which was considered in exercise 23

more general

3. Let a,b,o>0
2 2 2 2 2
,Aa c b oz _ a b c A b o2 A c , b b a C
({(—+—=—+—) = (" — - — = - =} = (—— == ) —— =+ )
e b a b C & b o a z 2 2 2 2 2
b a I o b a
2 4 2
5 b o . a C b
P, B T > T &
2 2 2 c ] a
b o a
4. Prove ineguality:
. 2
{(a +a_+...+a ) & a
i 2 ™ - 1 ™ R
2z 2 z. > A sa o Y o Eha e AT 80808 >0
P 2 , & & +a n
2-{a +a +...+8 2 “Ta 1 2
1 2 i
a.
o i ; — b . T A .y o ] )
Proof. GSince a Ty —e———— {a (a +a ) . i=l.Z2, .. .n-2.
L &, +A. i L+ 1+2
t+1 1+ 2
=1
- i N BN ) -
= A +a ) a = — §ama (a+a } , v by CBS inequality
A, (a +a ), a_ «la s -wl’.:in(ai a,) , then by CBS inequality
1 e
A A
(& +a +...+a )0 % [ —— el Y - (8, - (a_+a ) + + a (a+a )) =
ta TEt L Ta B, +a, " a +a - 1 T2 Tg’ Tt Fm T T M =
2 2 2 =z 2 =z 2
a;l Pn a +a a1+aa - a2+a3 '?""514 an~1+ar‘
Slagat ot ) gy e e
z j 5 2
2 2 2 z
a +a a H4a a +a a a
4 n—1 1 )+( n 1 + n 2 ) _ (_“ 1 + + m ] (Za-+0a>+ +q512)
:/3 2 2 4 +FA ) ) r11+':12 i ' T TR

since every element a appears with four others slements,
L

a {a +a 1, a (s +a 1, ails +a 1. =
-2 1~1 L -1 1 P § 1 1+1 L+Z

= s s 2 n 22 . -
5. Given that = +3y +a2 =Z. value of




- z2 L 2 2z P-4 1 2 2
= (X +3y +3z ) (2 +<J§') +17) &

s o . = Ya-y z X,
Equalityv condition is == s n — =3y=-z=t., t 18 a parameter.

Hence, x=2t, vz —

1 [ s 2 1 1 s . 1 3 16 z
T e —— & wom) —  yTm g 2 Dwrpvy—mz¥ea + — + R S I\
L= z F 7 { a YT Toys 0 F 2 d 2 C ETYTE i Ve ads 2¥s ¥ a

we reach the greatest value of function Z2x+v-z, and when
[ 3 i 3 1 1 [ s )
—, XT— — , YI— ez, ZT A T Ta ~he sme est value of
> J P > 57 5 > reach the smallest wvalu f

function 2x+y-z.
6. Solve following svstem

- 2 2 2z
X +y + z =
¥+ y 4+ 1990z

it

o

Solution SHuppose Xx.v.3 is solution of svstem then

2 . - 2 e 2 z 2z 2 2 . 2
19917 2 (¥ 14y - 14z 1990) £ (17+17+1990 )y (= +Vv +2 § < 1991 £ 19907+2 &
&> - 1900+122., We got contradiction. The syastem has no solution.

Exercise 24. Find greatest and smallest values of function

, 2 2 2 L
ax + ax + ax ., with bhx + bhx + bx = c, c.b b b =0,
i 1 Z 2 3 2 B § 2z 2 3 3 i’ 23
VPPTjQ. 25, Find greatest value of function X + v + 2z when
2 2

Exercise 26, Lolve svsastem:

-+ X+ ...+ ®=
1 z ia)
F 1
+ ¥ = —
n

Exercise 37. Prove inequality:

) 2 2 2 - i
(z+y+z) + (x+a) + (y+b) + (z+o) = ~E~-(a+b+c)
Find out when eguality occcur.

Exercise 3. Prove inequality:

™ 2 ™ > 2
- n
®. o+ (X +a) = —— - a
) L . L r}é—i
L =1 I 3

When does equality occur 7

0
et



Variation 4.

Here we go back toc the problems and ideas from variation 1 which is linked
with concordant pairs and further development of ideas on high technic
level. As before we ll start from concrete ineqgualities.
We remind vou the definition of concordance palrs

fasiyy & o ds are

concordant in order 11 {a-—-b

4. Prove inequalitwy:
b4 v z . . Arty+tzio3
= v ocm Z {xRvz)
Solution.
Fairs (x,v) & (In x,In v) are concordant in crder since f(t)=1In t is monotone
increasing onto domain of definition, it means

. ) - . . . xln x+yln v
(x-v) (In ¥ - In viED &= - In = + v-iln v 2 = In v + v In % &< e =

xln y+yln x X Voo 3 v pe Voo, ARy 2 ) .
€= XV Z y "X = X "y = (®Vy} - (x,y>0).

W

The same result we could get without involving of logarithms. namely on the
base of following thing. If pairs {(a.b) & (c,d) are concordant in order and

s ooAa L o-d
numbers a & b are positive. then (-%; } = 1.

A . - - . ,oa e-d_
— =1  asnd therefore ¢=d it means ( — ) =1.

-

Actually., if azb then
b d-o,

h
If a$h then by considered case (- S ﬁ}f
c d o d
<.

Rewrite last lnequality so & b = b -=a
.

v

{

Thus, we ' ve got that for concordant in order pairs of numbers (a.,b) & (co.d),

. X . c . d. .« d
where a.b>0 holds inequality a bbb -a .
In particular for any x,v>0 pairs (2,v) & (x,y) are concordant in order.
v v

> . - he . . . . e Y . .
hence = 'y'fx)-y . Multiply both of sides by x -y and extracting the

. X V.. . Ay 2
sguare root yvields = v 2(xyv} .

. } . . . ¥ MV RV ARNRVES N At
Multiply following inequality ( o Yooz, (=7 =1L o == )" "z1, we get:

3 e 3 e = b4
AT Vov-z - I %oy v o z X - -
(=3 " - (=) { } = 1 &= - - = = 1 e
Y 7 e X ¥ z Y X =
v X v -z A4
2x 2y 2= VHEZ MtZ My 3% 3y 3= Hty+zZ X v 2z {M+y+2)-3
v =2 = x® v Tz &> x vz = (xv=z) = Xy z = (xyz)
Now appear a suggestion that holds following inequality
¥ o+ +_. . .+
1 p. ™
% b * - -
1 2 n . . T ~
% %, ... =% = o{xx....% ) e X 2E . .a.l.X 20
i 2 i Z mn : b A : kel

Taking logarithms of this inequalityv vields:

¥» ~Inx + 2 “in =% 4+ ... + x "1ln x In = + In » + ... + 1In =
1 1 2 2 n [} } 1 2 n . N
— : : (31

{3y

8%



This representation of inequality pushes on an idea that if inequality is
true then the cause of that is concordance of pairs (xi;a} & (1n xi,ln xﬂ,

which follow from monotone increasing of logarithm function. Appear a
suggestion that this ineguality will be true if instead of In x we take an
arbitrary monotone function, i.e. we talk about inequality:

xl-f(xi) + ¥ fl=x 3 + ... + xﬂ-f(xn} = )y + f{x ) + ... + f(x)

I
@
AN
S

with LI R belong to domain where function f£(x) is monotone increasing

(precisely, decreasing)}.

For the proof we need two identities:

ial
1. b (£%+aj = (n»l)'Ee%
150 < )En ! i=1
1l n . n
2. L (ab+ab) = (Ea) (Eb) - Lah
150 < JEn N N L= L=1 =1
Proof:
™ n in] el M ia ™ m n N Aal
1. = E(ai+a,):§_‘, a.i+2 Ea_:Zai21+za'El:n-2aL+
L=1 =4 TR T i=1 j=1 ' i=1 “j=1 j=4 Yi=a i=1

Al

n n i}
+ nLa = 2n'25%. From other hand, T v Qﬁ+aﬂ = % (szt) + = (g}a)
=1 ’ t=1 . :

i=1 1= i=1 154 ¢ j5n
i
+ by (a&+aﬁ = Z‘Eeﬂ + 2 ¥ u%+aih since pN (5k+aﬂ = T uﬂ+a)
150 <n ! L=1 1512 %n . 154 < j=n ! 12 j<i%n !
™ T \a}
It means 2n- 5 a = 2 5 (“.L+al1 + Z'La & v (al+a‘) = {(n-13-% a .
L=a 1=1< 15N v 151 <i%n g L=1
™ n n T n n
2. (za) (b)) =% ab =Lab + L ab + L ab =Eab +
L= 1= 4 1 it=4 j=4 o=y J 150 < iEn 15 1Sn b=y
+ & . ai s ab = 3. b .
v (aibj‘rdjb.l‘)A since r chD] ) al‘bL

1=1 < j&En 1T j<i=n 151 <iEn

Now we can take to prove the inequality. Let f is monotone non-decreasing

onto domain D & X ¥, 0. X F D. Bince pairs (xi,yt) & (f(x;;,f(x,ﬁi are
’ . . Y 1

concordant then

T
1A
b

i
w
-
i
»
i

|
-
—
n
tl

(e Fiew 3dn vy o N
Exfxf(hirhﬂf(xj)) v mgi(xj)+xﬁﬂ‘1})

A5 <i=En ' 150 jSn

™ o ™ i ™ . ™ . mn
= (n-1)Exfix) - (( 241)'[ L f(x)) - L xf(x)) = nL x f(x ) -
v=a - =4 1=4 ! R v=d

B3



Q
2

™ 12 T ™
- (Ex) (T fz)) « nLxflx)=z ( ; x) ([ E fix))

LT L= v=1 L= L= 4

1f xiﬁx7,...,xﬁ>0, then inequality we can rewrite in the view of (32)
Substitution fi(x)=ln = intc (33) yields (31 }.

Exaercige 359 a) Prove ineqguality:
. . 2 2 2 .
3-(a +b+¢ ) = (atb+e)- (a +b +c ), a,b.oc=0

by Let f(x is a monotone non-decreasing function. Prove inegquality:

»

fily + 2-£(2) + ... +n-F(n) . £(1) + f(Z} + ... + f(n)
n + 1 z

A

Go back to inegquality a;bgugt}2a3£+ezbi, where ordered pairs
E 3 Lo A X

U}

{ 1yaz) & (b1>b2) are concordant in order and we are going to try generalize
for greater number of variables. For the beginning consider case n=3.
Then for any 1£21<i=3, 1=k<m=3 pairs (aLﬁai & (bk,qh) are oncordant in
order and it means @ﬁ%+aﬁ%§xﬁbm+a}%. Henée we get following chains of
inequalities (over and under arrows pointed concordant pairs).

Suppose that aiia,iaa & b;ﬁbzéba, then

Z
(o A 3 ‘ . N : .
(a,a ) K (hz,ba) (a,.a,) H [b1’t%’
I 1
1. c!.b*?q—b~d F“ db+£ b, +a 171-. a b_+& b +a bl Z a b_+4_b_+a_b |
1 1 3 2 4 3 2 i 3 z2 2z 3 1
L r___J e 2
(ai,az} H (b1’ba)
(a ,a 3+ 4 (b .b) (a ,a_ Y H (b _.b 3}
1 2 1 2z
o Ta 51 Ty N e s
z. d1b1+a2b2+daba = aiL%+a2bi+d3b3 Zz'a h24d b +d3b El alb3+azb2+a3b1
j2_ v 33y j2 3 3 21
" P 1‘
{a_,a_ ) u (b ,b
2z 5 1

Transformations in chains correspond to the following chain of permutations
of numbers (1.2,37:

1. (1.2,3y » (1.3,2) » (3,1,2y » (3,2,.1)
2. (1.2,3) » {(2,1,3) » {2.3,17 » (3.2.13
Number of different permutaticons (1,2.3) is equal to six: (1,2.3).{(1.3,2),

(3.1.2Y, (é,l,B L, (3,2,1).
From all we ve done we can make conclusion which is completely included in
following inequalitv:

ab+ ab+ab = ab +ab +ab =2 ab+ ab+ ab (347
3 2 2 3 1 1 3

wheres ajiazgaqa bbb Sh s (3 .1, .4, is an arbitrary permutaticn of numbers




4 a3 Fat]
; i ivr g
fat i)

i what follows we shall say that ordered triples (aiﬁaz,aa} & (bi,bz,ba)
are concordant in order 1f for any 121i<i=3 the pairs (a Ja} & (ki,bi

LT i
are concordant in order.

suppose that triples (ai,aq.a Y & (bj,bz,ba) are concordant in order. Then

3
there exist a permutation (ﬁi,j?,ja) of numbers (1.2.3) such that a =z =a
A . I
ol g
But then biiblib]. Denote Ea Vk:bj’ k=1,2,3.
v 'z ‘3 Tk ¥

Let (11,12,133 ig an arbitrarv permutation of numbers (1.2,.2). Consider
the sum

ab +ab +ab = ab +a b + a b .
1 2 3 1L !

1 2 3 ‘4 31 “z @:2 2 j:—x
There exist a permutation (ki,kz,kaﬁ of numbers (1.2,3) such that ilzjkg
"1 1
iE:jk21 ;i‘nla. ctually., ii is one of the numbers 1.2,3 and therefore
] )

in ordered set (ji,jz,jg) its placed on k1—th place for some kl, i. e.

& .

J, =i . Similarly. numbers i & i, keep places k, & k . (Each number keep
10 3 i ’
only one place). Thermn:

=

N

ab+ab+rab = a b +a b +a b = xyv+xy4+xry =T %y +¥ +¥_V
a b, +a b, ra b, = P ) (VTR Y, TR Y, ¥ Yy 3V

a b +ab +ab =Zab +ab +ab =ab+ab +ab .,
3] 1 A J . . . . . 1 2 L 3 v
1 'k z 'k 3 "k i ] 2 - I i 2 3

as long as numbers X oE, . E & V,sV,.V, can be set to ineguality (34).
Thus for anv two ordered triples (a1.a?,a3) & (bi,bz,ba) which are

concordant in order, holds inequality for anv permutation:

abt+ab+ab = ab + ab + ab = }v +a_b +a b {353
1 3 zZ 2 3 1 1 2 3 z 2 3 3
1 2 3
since sets (a ,a,,a,) & (-b,.-b .-k ) are concordant then

= -~ Y45 (- (- > —_ ( — Y : s
.:11( L.B)—Fdzl b2)+a.3( hi) = cxjf bLi) + a bizl + oAl bLB).

Inequality (35) giv
indeed. To be convin ced Lf that sufficiently to prove inequalities which
wiil be written bhelow without references to ineguality (35).

et a. b, o> Prove inequalities:

=

IS
N
S

&} s . 3 3 3
1 —_— 4 = 4+ = Z a o+ b o+ o .
I a b
- . e 4 a4 a2, A 1 1 . ;
Solution Triplea (a ,b .o )} & (——;—,—~7;-{~j:-) ars concordant, then
4 i . 4 1. 1, 1 L4 1. 4. 1 . 4 1
A (- ) +b (-7 +c{--=)Za(-—=) +b(-=) +c(-3) &
& b o C a .}

a chance to prove inegualities which are difficult



$H BLH00L

3 3 3 =2 b4 (*4
e a +b oo € 2oy 2
I & )
3 3 3
o . A - + - b . + - o - o “§+S+Q
b +ho+o o hoada” 8 +ab+h -
- . . 3 .3 3, . 1 1 1
Solution. Triples {a ,b .o 1 & | . , = — ) are
z 2 2 2 2 . 2
by +bho+o o +oata a +ab+b
concordant. Really
3 3. 2 2 2 2 , 3 3
'aa~b3}( 1 B i v _ {(a -b Y- (¢ 4+ca+a -b -be-c ) _{a -b )(a-b)(at+b+c)
h Tz 2 P 207 =z El z oz Tz 2 2 2
b +bc+eo O +ca+a (v +bo+c 3 (o +ca+a ) (b +bhe+c Y (o +cata )

Similarly, can be proved the concordance of other triples.

Hence,

3 3 3 3 .3 3
b C
2a2+2 2—*0(222a2+3b2+202‘
B +bo+c o +oa+a a +ab+b a +ab+hb b +bo+e o +cata
a
3=

Reqguired inequality is following from inequality

2> Bt 4
3. — e p Z a+ b+ o.
2 2 2 2 2. 2z
b c a o a b

Sofution:

. 5.5 5 o] 1 3 .
Triples (a.b .o ) & T e e 5~ ) are concordant, hence
b o o a a b
S 5 5 3 3 E]
5 1 5 . = [« I A o
R L z c ; z ; z T z. 2z > 2z =2z =27 _LE'
b o ¢ a # b ¢ a a b b ¢ o =0 b
. 3 .2 3 1 1 1 . .
Triples (& .b .o ) & (- ST T T T ) are concordant., therefore
a b o
3 i . 3 1, 3 . 1 [ . _3 i 3 . 1 3 1
a(-——) + b (-——) +C (-7 )2 &a (~—) + b (- Yy + ¢ (=)
2 2 p 2 2 2
a b o o a b
3 3 3
z 2 a b c
& g +b +o = + + .
2 2 2
A )
ks &',“) S
. A s .
Thus. e -t — oA+ b+
, 2 A z
PO a o & b

From this directly follows inequality

’ L7 . 2 2 3
a + bh + c = ab o

w
o
N
N
v
W

2 -
+ abac +abcoc, ana a.b,oz0

Evercise 40. Prove following inequalities by finding concordant triples out

a) ineguality from example 5;



Dby

ab+hbc+ea), a,b,cz0

3 3 3

a b C

) b Y am + = Z a + b + o s &@,.b,0>0.
L& LS e 0

And two more problems. (IMD XXIV):
4. Let a,b.c  be length of sides. Prove inegquality:

2 , i z . 2

a b {a-h) + be (b-c) + ¢ a{c-a) = 0O {367
Notice that if we denote at+b-c = =z, b+o-a = x, c+a-b = z., then we get

4

an expression for a.b,c through independent positive variables =,v, 2

7+ Z X+z ¥+ - . . . . .
a= Sﬂi—, b:-wgr—, o= 55— . As result of substitution a.b.c¢ into ineguality

(36 and complieatﬁ algebraic transformations we get:

3 3 5 2 2
¥z +vo+ Ty = X vz + v ¥z + z xy., with which we have already mef
{in exercise 32 and example 7).

From ot
of inegualit

hand, concordant triples give a chance for immediately proof
(36). Remove the brackets and rewrite (36) as

r+§3‘
il 4"D
oy

3 3 3 - 2.2 2 2 2z 2
abhb+bec+cazab +boc + oca.
L , . ) 2 Lz .2 L
Addition to the both of sides sum a2 bo + ab o + abo vieids:

- ” > i 2

; 2oL . z N o2 L . .2 Lo ) oz L2 .
abi- {a +bhet + bhoe- (b +ac) + ca- (¢ +aby = ab-{c+ab) + boe-(a +he) + ac- (b +ac)

Now we re going to prove that triples {an +h.b +ac.c +3b) H (-beo.—-530,—ab:
are concordant.

Actually,

-
ko
e
o
e}
{
ey
5]
1
Al
jui]
{
N
A
i
be3
-
+
bay
|
0
I
e}
ol
|
o
il
+
T
I
v
£

i

, 2 . ; z .
{a +bho-c —ab)- {ab-be) = b-{a-c) - (a+c-b > 0.
From concordance of pointed triples follows that:
. o 2 , 2 - 2 .2 .2 N )
—bc-{a +bei-ac- {b +tac)-ak- (o +ab) = —-ab - (a +hc)-he- (b +ac)-ca- (o +ab) <=

.2 . 4 2 . L, 2 . . . 2
&2 ab- (A +bci+be (b +aq . : bo- (& +hei+ac: (b +acit+ab (o +ab)

o
Ld
+
!
Q
0O
+
o
o
1y

87



H. Let a>b,c sides of arbitrary triangle. Prove inequality

- ; $ [ [ 8 -
2 - { .._(?‘_ + _b__ 4 ) > _é._ 4+ = 4 .1:, 4+ 3
b C a C b a

Solution. Rewrite initial inequality

P 4 2 . 2 2 2
c-{a +bec) + a- <% +ac) + b (o +ab) 2 ab + b e + ¢ a + 3abe

. . o z .2 =z .
Triples (a.b,c) & (a .b" .c") are concordant. Therefore,

3 . 2 2 2 3 .3 3 . 2 Z 2z
a+b +¢ Z a b+bo+ca & a +b 40 +3abe = a " b+b o+ at+3abe

. - . 2 2 2
From cother hand. triples (a.b.c) & (-a -bc,-b —ac,-n -ab) are concordant
it follows that
2 \ 4 2 . z . N 2 . 2
a (b +ac) + b (c +ab) + ¢ (a +bc) 2 a (& +be)y + b- (b +ac) + o (o +ab) =

3 3 3 . 2 . L. 2 . .2 NS T AR B
S a + b o+ o o+ Jabo e s (b +ac) + b (o +abhy o+ o {a the) Zoa b ke 43500

+ ¢ & + 3abo.

Convincing arguments of efficiency of using ineguality (35) and desire to
generalize it by case of arbitrary n, become sufficiently motivated.
However, before carrving that out we have to make some preparation to
simplify the wording and proof.

ed onto set {1.Z,....nt we shall call ordered

Dafinition. Any function defin
ie{l,?2,....,nt correspond to = then ordered set

set of n numbers. 1t every
used to note x:(xi,x,,..‘,xr), i.e. on the i-th place we have the X and
2 ]

also each of elements (value of function) is strictly reserved by its place

{(It's a value of argument in the order which is defined by consequent

natural numbers).

From definition follows (% .¥ ....,% )5(¥. .V_ .....V } &= ==y , iz=1.2.....n.
1 Zz n 1 Z n v L

Number X 1s to be said i-th compeonent (i-th coordinate of set x).

Definition. We shall call by permutation the ordered set of n numbers taken
one by one from the set {1.2.....n}.

For the notion of permubtation we shall use Greek letters o.f7,y.5,...

Then sentence: "a is a permutation of {1.Z.....n}" means that on the i-th
prlace of permutation placed number m(i)efl,z,...,n}, with o(i)#x{(j) if i=j.
Clearly that {«(1),x(2),....x(n)t={1.2.....n%, but (x(1).x(2),....x(ny) =
(1.2.....n} only if «({(i)=1, izl.Z2....,n, because two Ordered sets of n
numbers are eqgual if and only if elements of sets placed on the same place
are equal. And ordered set (1,2.....n) we shall denote by =,

s{iy=1, i:l,z,,..jnk

Example: o«={5,3,2,4,1) - permatation of set {1.2,.....5} (or we ' re saving
permutation of numb@rs 1,2,3,4.5. ) x{(1)=hH, «x(21=3, x(31=2, x(4)=4, «x{51=]

Onto set of permatation we can define the multirlication operation.

Definition For any two permutation x & ﬁ onto set {1.Z2.....n+ we define

the permutation x5 by following conditio Xef3(1) = x({3(1)), i=1,Z,....n
i.e. on the i-th place of permutation pla ed the number which in permutation

& placed on the (F{i)-th plane.
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:1_ y‘(o{?(l\):(x((?(l‘}):ﬁ(j}:3; “(ﬂfﬂ(u‘) (X(I"ﬁ‘("}\"r'\_(’%)-

, l.e. xe3=(3,2.1).

3 Fox(1)=3(3)=2; Fea(2)=3(1)51; Fex(3)=3(2)=3, T.e
j’?oL\: 2.1.3).

S0, XofIE(Fo0C

ctually xXo{3({1)=3x (i} it in the permutation x on the (F{i)-th place stays
e same number that stavs on the x{(i)-th place in permutation /2. That in

eneral is not true. However. if in the example we take (=(2.3.1). then
Nﬂﬁ(i):mf{(lJ)~a(”>-l; moﬁ(Z):&(Sizﬁ: i.e. if «x=(3,1,2) & 3= 2,3,1), then
efize=(1,2.3) and in this case Pox=s.
Let ﬁ,; be a three arbitrary permutation, then oe (Fep)z{xeFley . i1.e.

the product of permutation is associative:

e (Fey ) (1) = xX(fFfey(i)) = «{(BF(r(i))) & (xXefB3Yep (i) = (xef3)(r (1)) = x(Br{i))).

And clearly that KeLZLoxX,

Let x be an arbitrary permutation, then there sxist a permutation /¥ such
that xe=3zffex=e ., Actually, sinc {fx{(1),x(2), ..., c{n)t=(1,2,....nt, for
avery js{l.2,....n} we can pﬂiﬂt i such that on the i—-th place of
permutation « placed j, i.e. m(i):j and such i1 is unique for every Jj.
since if 3(113—3, then «(1)= 1 ). Tthat s possible only if i:il, Assume
3{iy=1i, then 3 (j)=x(ii=j for every j. Let i={i,2,...,n}t be chosen bv

arbitrary way then for Jj=x(i) by definition of # we have 3{j)=1i. Hence
PBeaxx(i)=i. Therefore caefizffex = =£.
Permutation 3 ia detfined unigue by condition xefEzffexz=s, if ¥ satisfies

condition ﬁiad = m°ﬁ1 = £, then
i3 = {3 o = Bio{aoﬁ‘} = (lf}"icf,\)c‘x’? = éﬂ!{? = 1"3

1 . I3 . ~-4 »
Therefore such permutation has special notion x and call inverse permu-
tation to the prermutation o

.. ) L. 1 - . N
Existence of inverse permutations « for any permatation « ake it
rossible to solve equation in permuatations. Let given two permutatio x & 3

then equation o&ep=3 relativelvy » can be solved by following way:

-4 - ~1 g 8 -1

o off = ox o (X -:;V") = (X eX)e) = £ae¥y T ¥
S0, ¥ = X ef3.
Similarlv., equation wyex = {3 has solution 3 = [fex &,
Now is time for examples. From example shown before we can see that for
®=(3.1,2) o ‘=(2,1,2).

We re going to show how to build inverse permutations.
5 2 R I . . -1
Let o= (4,1,3.5,2)., x(1)¥=4 = 1zx (4):
. -1 e -1 . . ~1 - .
x(2)¥=1 = Z2=x " (1); x(3)=3 =22 x =3; x(4)1=H = x (Hi=4; x(H)=

-1 A
Hence., o« =({2,5,3,1.4).

N
<+
®
T
i

Let F=(3,2,5,1,43. Solve equation «ep=(3, then T:mriw?_
2"(1)"—"0(—1(,1‘?(_1))::Cx;*i(g‘}:s

- , -1 N
P(S)mx {(FF(H))=x {4)=1. Hence, r=(3.5.4,2,1).

&)
e O V=ex Y29 Y=o T —E . i y=e Y e R
3 & la )= (1 (2))‘0‘ (a.}-—d Flo =X (15(3)}"":( (u‘)—4;



Definition. In what follows we shall say that two ordered sets (a .a,... .a )
& (biﬂ%,...,bﬁi are concordant in ovder (or simpiy concordant)., it all o
ordered palrs (aixxi & (t> b }, where 12i<i=n are concordant in order.

ts (7.5,3.4, l .3} & (H.1,2.5,0,1.4) are concordant.
Let us have ordered set x:(xi,xz,c..,xn}, then for every permutation «
the set x correspond to ordered set

¥ ={x_ ,x A S
[ [o.<& 97 O 2> oxXi{r

which we call permutation of set ¥ corresponded to the permutation .
Remind yvou that for two ordered sets x & y S(x,y):§§ﬁ+x§y?+...+xryh
A 3

Clearly. for any permutation o 5(x x }-ufaﬂv)

ACCT o o 1772
such that xf&:ﬁ...ﬁxh & y;th...Syr, Then for any permutation o4 onto
1

Theorem ©. Let =={(xm .x ,.‘.,xﬁ) & y:fylﬁyz,lﬁ.,yn) he two ordered sets

Proof: (induction by n)

4

f. Base. n = 2. 1t s equivalent to the definition of concordant palirs.

2. fnduction Let n»2 . Suppose that the theorem is true for n-1

Let x ke an arbitrary permutation onto set {1.2.....,n%t. Here is possible
WO Ccases:

1. x{ni=n = xyv_ + =y _+ ... + % = ® SR S S 4 + 2V
Lo “17 ot 2" oz Y o 1 ot n-t Y xen-1) n'n

Then « define a permutation onto set {1.....,nt by supposition of induction

3
ity

uV + XV S E MYV AR Y 4. +X Y = S{x.y_1=h{x,v).

.

T4 T2V xe2y ja RN A (ARE B 171 z2" 2 i1 T B o
7. «a{n)*n. Since there is a unigue Jjeil.2, ..nt  smuch that o(ji=n,

. - -1 = = . . .
i.e. J=x (n), then &5(x, Y =Xy ¥y + 5, where 5 1is remain terms in

n OL{h) TN
gum S(x.v_ ). Pairs (x ,v) & (% ,v_ ) are concordant =ince n>J & n>xinj,
X gl 1 g} o
anc 2re e X + XYy T Xy o+ / .
and therefore ny!:((h} _]Yh {?Wyh Xja'f‘un:
It follows that
Six. v VS xy + xy 4+ 5 = Hix,v where /7 is a permutation of
X noon RS (SaV] "';

f1.72.....nt defined by following way G(n)=n. £#(ii=x<(n), #(i1)=x({1i) for any
i#n & i#3.
low use cage 1 considersd before to the permutation 7 and sum S({x,v. ).
The theorem is proved =

Corollary . When holds condition of theorem the following inequality is true

Y

Yy o+ E¥ Foaee FEYOE B VT BY LA 20 AT
17 n 2 "1 ni 17 & (2% fals (ha %

where «  is an arbitrary permutation onto set {1.2.....nt.
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Froof. sets (xi,x e .aX ) & (v ,-yé,.-.ﬂ~yh} are concordant and satisfv

the theorem condition and therefore

== P+ oo (—-y Yo+ L.+ o= (= b5 2 {-v y+x (- +...4+% (v ) &
1 yfj(‘-‘i) Z { “’53((2‘) 4 T yt?l’(h} 4 )&1' { 3!": ’ {‘2{ 'VZ ) ™ V:‘: )

x Vv + MV + .. R YZ EY O+ XY + ...+ XY
15 0Ly Z25 o2z noxEny 1 2 n—1 o4

: V .V.:...,Vv } be concordant. then
1 2 r i 2 N

for any permutation « onto set {i.....nt holds inequality

Coroliary 2. Let sets (% .3 .....x ) & v={y

[3

X + Xy + ... + Xy = ox + ... + XV
1Y et 27 o2y N iy V4 o
Proof. Let fF be a permuba of numbers {L.2.....nt anuoh that
CER . Then by ‘ vty = =V
{3y B o ’ EE ¢ CIE 4] R EISaY)
i.e. 7 is concordant permutation. The smets ¥, & Vi satisfv theorem
15 i

conditions.

“ ry

et o™ be an arbitrary permutation onto set 41.Z2,...,nt.

E + * x Ty Fas] 1 - )
Define permutation » from correlation <@z, then pF=f7 oxefi.

v =y i=1,....1n.

! -x"‘\ ks
|3 S50

Re

Dencte X & Vs by = & v respectively., 1i.e. I,
[ [ g

Then by theorem 5 S(x,v. Y= 5(x,v.

= fag 'v. ar 3 —— O 3 — A ap A [y "" : i L 3

But ol{x L,y 3 = B{x_.,.v.,} = S(=x,v) & o(x2 L,V =0 (XY )
2701 ' 377 {7y

since vy 1i=1,2,....1. g long as Fer=wxeof3, then

_':&' .
oy T fEogean’

=, Y=S{x,.,.V S 3ES(R,Y ). T,y
( ye’/ “?‘\ .)"-‘-.j’xo(-‘\ b("{vuc,(< = e Y

Nefinition. Any two ordered sets x:(xi.x?,...,xh) & y:(yi*yz....,vr)
. 1
are to be saild co-concordant if sets *x & -y ars concordant.

Corollary 3. Vor co-concordant sets x & v and arbitrary permutation o onto
set {1.Z2.....nt holds ineguality:

Froof:

i
-
~~
>~
"
-
-

It

S(x,myak =T B(E.-V) &= 5(X,Vﬁ3 Z oi{x.v).

v are co—concordant it and only if for any 1£i<jsn

fx.-%&'{gﬁ—v) < 0. Reallv, ® & v are co-concordant <« 2 & -v are
IR 3 B

-~ Tl
4
[
e
"
0
4

concordant & (X;“XJY ﬂﬂg~(~yﬂi = 0 e for any 1

et e
=Ti<isn

(=~ 1" {v-v 3} =< 0.
g L ]

Example. Sets (a.b,c) & (be,ca,ab) are co-concordant:

{a-)y (bo-catz-c{a-b) =C; (b-c) (ca-abiz—-a{b-c}) =0;

@1



[
pob

1
For positive 2 .% ,...,.% sets (x .x_ .....x Y & ( — f T e e e e s
1 2 ™ n X -

[
W

co-concordant. Actually. (= X (—-—7 == —

Corollary 4. Let  x=( LIRS SRR 7 & ‘y:(y‘ SV, re eV ) are concordant sets
1

m

then holds Tcohebysheft inequalityv (see inequalities (34) & (33)).

5

(Y +R YV 4. . +X [ GRS SIS S S 0 R B S SN o VA
n-t 131 2‘V2 hhyh‘ i }2 T "yi y?_ y

™

¥

and if xﬁ—x +...% >0, then

Bi=,y) = x X + ... 4+ 0= b4
SRR 1V TR, n-1 n nYy
Slx.y) 2 ¥y, + xy + ... + X V + =Y

"B(x,v) = ox - +y_ 4oL+ + ¥ o ly dy +ooFV 3o+ Lo+ X {y Yy L.ty
n 5ix.v) Ly vy, v L Ly Y, v, Ly, Y, v

J

SR G0 2 - LR S G VA BE-R (5.~ G S G IR (VAN SR . P A B
n-( 1‘V1 2}'2 h“’rz {Xi N n} (}1 T‘!rx !

jl
u

similarliy. we

ije]

,

n-1i [ | 1 ol

Exapc

et n'cf‘:»:iy RV +...+2 V) 5 (x4, . 4+x )-(yj+...+y
™

se 41. Denote the ovelic permutation on l-st slement by o

o

a2 defines by following way: «(1)=2; x(23=3: ...; x(n-1i)=n; «x(ni=1,

+1. POonH 15i%n-] k .
L, P1S1En-1 0 pnd let ofsxeme .. .ex (k factors).
., ecnaH i=n

x(ir= { 3

. .. L+ . . . R —
1. (i) = n-{~L—;—~ }. where {x} is fractional part of =

k. vtk .
2. x()= n-{- — }, for any k.
1
- n
el o =€,

4. = + = + ... + = = X’+x2+...+x

. K

Kk k "
x i1y X (2> ¢ (ru

5. Tchebysheff inequality by using cyclic permutations.

-
P

i.

mn

I

)



SimP RIS VLI RAiT
G IREGURLIVY THEME

Hy uzing conocordant sets we can give one more proof of Cauchy & inequality (R)

N ,-S T T 3 13
Denote laia?.-.an by b. EBasy to notice that

a a a a8 ...4a 2 n
. ) Y i 2 12 iy . ¢ D b b -
sets (WT»,~9 e e & [—-h~1~,n..§,A s are co-concordant
b , 2 n a 'a a Aa ...a -
8] 3 1 i 2 74 s}
Hence.
A L aa ... n a ¢ 2z a8
1 b 172 b 12 a, b . b %1% b 8,8,
& z aa o7 a a - &, * 3
P | g & . .o z -
1 b 12 b di 2 T ai b Ay az o)
n-1 & .. . A S &
b d18.2 dh bf‘l cl1 ) dz Fia a
T + - ey & n s —4+—-=— 4+ _.,. + -+
Boa . z L ada_...a 0 b b )
i 2 n—1 o) 12 n
A& ...4 2 &o4a 4. . +a 8 +a ... +a
RS S SRRt S S Wi N e, z L Y
asa ...a ¥ B b n =~ b= AR, LA
1 2 2l
Exercise 42. Prove inequalities
. 3 .3 3. _ L2 .2 2 N
ay 3-{(a +b +o ) = (a+b+c)-{a +b +c ) ., a,bh,oz0
a 3, =
N i 1 R TN . 1 82 dh
b)Y (a+a +...+a8 Y- ( — +— 4., . +-— ) < n{— + + ...+ 3.
1 e ™ = a & a A &
1 2 T 2t n—-1 1

Exeprcise 4. let a.b,.c bhe a sides of triangle and «.f7,y are its angles lying
opposite the sides a,b,c respectively. Prove inequalities

; s
&) otrcos o4 + 3rcos F+ prcocos ¥ 2 oo

b a~cos @ + b-cos 7 + crcos ¢ oo 1

o
+
o
+
G
0N

oy e oA+ b+ oy
- 3 - a+b+e
o 3 ¥
atg-—+b-tg > +o-tg =
N Y2 % Y™ o2 g2 P
{ _ Y
Tz a+b+c
. sin o +sin o +.. . +sin « y
e) let O<a <a <., .<d < ——, _ e & e (BB AL +tE o)
1 2 n & cOs cx1+oc)s o(}_i-, L LHcos o n =y & "
2 i

{Hint. In all inegualities of exercises 42!43 use Tchebysheff irneguaiity.

A

" . . oo abcos (3 ~ SREL R ) . ,

n exercise 43 (a,b ) prove 5 = cos— For O<a, 3<— . and
L aHEry L cos a+0os +oos p e - . :

CoE 3 = 3 by the scheme of Jdoubling + reverse step ).

7o be continued.
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TRl YWaIlnis NI o
BT B3 %gs g = E2 %5;5 -
g =FEs g SSFEE = 2 EeRF.

_Problems

1. Guessing how was constracting first tablie insert the
naufficient number. Ilo the same with second table and 5 1625 4
remove exceed number. —
5 | & |1
Z. What is three-valusd number egual to the cube of
lateat figure of the number and simaltaneously equal to 7 7 2
the square of number formed by first & second figurse 7
6 12160 3
3. One of the friends said to another that made up an
exercise un division in whirh divident. diviscor. quotient table 1
and remainder finishing on 1.3.5.7 respectively. Does it
rossible 7 . I 23
, , 3 g | 7
4. In triangle ABC taken an arbitrary point .
Prove that MB + MC < AB + AC. (Fig 1) 32 | £ |ow
5. In an exercise on multiplication (Fig 23 every 0. 72 Z§ 0./(36)
star mean the simple one-valued number (2.3.5 or 7).
Resto the numbers. table‘%
&. On hypotenuse of right triangle outside constructed
a eguilateral triangle with the area in twice more than
area of right triangle. Find its acute angles. A C
Fig 1
7. Moshe and Yosi want to buy a bubble. Moshe need e
another 15 agorot and Yosi need 1 agorot. When they X e
add the money it wasn 't enough again. How much does g
bubble coast 7 -
~ ) ~ >0 A
2. Write into cells in figure 3 all numbers 1 up to 10 Foary——

so that showed equsalities hold true.

Y. Solve in integer numbers squation []'E:]* _
2wy = bx + 3y. — .
10. Given that soms number by division by 1991 and E]
1992 gives the same remainder 924. What s the remainder E] E] [] E]
gave this number by division by 543 7
5

(Problems has been collected by Alt Arkadys.
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Bf Bmiee & A &5 SRS EVES 3

1.
that

FA
v +p
¥

I3 &

are

Z. Prove that
e oo x=1 o x-2 x—3
Ay fixy = - - -

w—4

Prove that there are infinite number

integer,

of pairs

where D

derivative of Tunction

;
i

Lo

wmzﬁ

MEARBA

S

2
|

I

ig a natural number

'y

of €

d,

x-a ] (x—aa> Lo {x-a, .
\ . 2n+ s . )
by {2y = . with A <a <...<a
(x—-a )y {x-a Y ... (x-a_ 1} 1 Tz 2+l
2z 4 2Zn
iz negative for all points from the domain of definition
3. Prove that if a.b.c.d are natural numbers and & b=c
1002 1002 10092 1002 R ..
z + b o d is composite number
4. Solve svstem of equation
o . 1 1 1
{ (b)) (x+ — ) = (a+c) (y+-— 1) = {a+h) (z+— )

z + X

vy 4+ ¥

. Fiven sequence

+ 3 .n=1.,2,..
m

6. Function fix)

fix+f(x1}y = f{x) . where

. Find

defined onto sagment [0.1]

=
HeE=

. a.bh.o =

= ®

. . ] i 2
greatest Integer of ~j;~w-+~w—~—
x +1 ®, +1

and satisfy

{G.17. Prove that fix1=0 for

7. Bolve syestem of equation
- X - vV T o8in X
{ymz:siny
Lz - % o= oasin =

8. Prove that the sum of

squares

of

C

’

i

P

then

0.

of natural numbers

%,y such

the circle to the equilateral triangle inscribed inte circle is a
value. Find it.
Q. Prove inequality
m m, m_ 4": 2 in2ee?)
ey S = e : . S 1 Y are medians & h .h .h
i h‘ 5 g . where m_ .m .m_ & media SRR NE
[} L] <
altitudes dropped to side a,b.c respectively, 5 is area of triangle.
. o . . . - .
17, Prove that for all n < N, n 2 2 the grsatest valus of 1t n**Lwn
., . ., 1 1 o .
Fim ..., % 1={x +.. .43 11 +...+-2) onto segment [a bl is n [
’ ™ B i) = b4 ’
i ™
Proklems have been prepared by Alt Arkady, "Blikh' scheeol, Ramat-Gare.

ay

distances from arbitrary point lying on
conatant

re

b—a

ab
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thewr solution distinct by brevity only

of

Here we offer to the reader unordinary problems and their soblution could

domonstrated within o minute. Ard understandable solution can be written

o line. Howewver, such problem are

aolutieon, and frequently difficult to

@y clogically dufficullt problem and
U oveu got an one unexpected idea &

find such idea. This searching can

take a lot of time at least not o monute, although scome of vou maybe can do

vowithin a minute. Solution of those problem we show in department
‘Answers. Hint., Solutions. " giving Lo the reader some time to think.
1. In triangle two altitudes no less than length of sides to which them were

dropped.

[0

-
o IS

Frove that for any naturai n>l number 3

mposite.

For three polvnomial F. Q.3

each of given polynomials (i.e.
values of P.G.G).

A

- .,’l oy
& )
tﬂ"‘i"ﬁ"&’f et

Find angles of the triangle.

,.l_2h+1

s

Zn

3

2N+t

i
r..-‘
0]

find polyrnomial F such that F greater
for all x F(x) has value greater than

s
e
e

[

than



Here we offer to the reader a series of problem presessing ohe peculiarity
= they look wvery strange. Moreover, they shock. From the firat vision on those
problem you can say that they are something impossible and connection of
unconnectable things. You could say that agthors in purpose makes them so
complicate. and you'd be right, but not completely because the reader whose

be able to overcome this shock reaction can understand that this shock factor

iz a kind of hint. After that is matter of technic and gooed background of
traditional school base. The aum of those problem is to learn how to

breakthru such psychelegie barriers, to test your knowledge on level of
searching and combinations necessary teols. The solution of the first one

you <can see wn the department "Answers. Hint. Solulions’ and we Let you

thing about another. We demcnstrate the solution of the firsi preblem io

whom gave up and solution of second problem wait for vou in the next issu

v}

1. Find all pairs (x.v) satify asyvstem

v-sin x = log | YoSinz
: 2 1+3y

.2 2 .
{'65,724"2573'(43"” X + 4cos A} — 25'},’2 " (‘3};’ + 1

)

2. Find all values of parameter a when equation

(

has at least one




Current Gl-th international mathematical olvmpiad took place in Pekin from
7-th to 12-th of july. 1990, In the olyvmpiad took part 308 pupils from 54
countries. First time in the olvmpiad took part teams from Algire, Bachrein.
Japan, Macao and North Korea. The olympiad occur in two rounds {3 problems
for each round, for their solution was given 4.5 hours for each round).
Solution of every problem was scored by 7 pointsas. Pupils have been rewarded
bv gold medal if their score was 34-42 points, by silver medal if their
acore was 23-33 points and by bronze medal it their score was 16-22 points.
In following table vou can see the top results of ten best team ot this year.

Thina USSK  USA  Romania France Hungarv Germanv PBulgaryv U_K. Chekhoslov.

4 47 39 36 42 34 33 38 40 23
40 3b 34 B 1s) 34 30 29 39 30
40 33 3 34 29 27 23 19 26
27 A Z 20 24 25 4

S o
J

oy 6

o i

13 20

EApl

0

J
0o W0

s

L"\

[
o
0o D
o

19

J

230 193 174 171 168 162 168 162 141 163

i,

Now, look at problems (in brackets vou see the countryv which was offered

the problem). Solutions see in next issue.

Chords AR and CL intersect at point W into given circie. Let
secgment BE. The tangent touched the circle at point & and

throush points DVE & M it intersect the lines BO & AC af ¢

tively. et AM/AR = t. Find KEG/BYF as a function of t.

J

( Chekhos On cirole given the met B of (2Zn-1) oisti b7
(=4, k of them peinted in black colour and ihe rest of them painted in
white colour. The paintine is to be said good if there are two black points
between whinh the are contalin exactly n points from the set E. Find a
smallest value of 'k fFfor which every painting of point from the set B is good.

P L. —__— " . : ) . i . . i
H. (Fomania)., Find all integer n>1 such that e is integer

g { Turkey). Let is set of all rational positive numbers. Find an

example Ffor funcotion T: @ — @ such that

®.y = G .

H'Y



o
«'ﬁ)

another natural numbers n

-

(Germanyv). Given a natural number o> 1.

avers A & B choose one sfter

PR T by following inductive rule. FPlaver A
knew the number n Carn ChAoose any nnn S o1 such that
2k Zk+1
o~ < -[- il r\z
My e — Tap

After that plaver B chooses any number Nprnn
a natural degree of a prime number. Plaver A
priaver B win if he chooses 1.

Find all values Of'no For which

a) A has a winning strategy:
HY B has a winning strategy:
c) neither A.B have a winning strategyv.

8. (Holland). Prove that there exist a convex rolyvegon with 1990
that

a) all its anglies are egual:

‘ . N , 2 -2 - 2
by lengthes of polvgon sides are equal to numbers 17, 2°...., 198y 1980

in some order.

such that n n i
Zk+1 Z2k+2

win 1if he choose 1990 and

S

sides such
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FProblems for vouns pupils

1. In the first tablie v

]

. . .-2 . .
w1 should write to insert =44 | since the rule
Ik
¢

.

ol writting cells is | =

Im the second tahle the excesd number sinoe gther cali=s ars T ied
, : : | . 1 , 1 4 o
by pairs oFf edgusl numbe I el L | .

3 ’ 7 a8 11

2. Answer. FIR o= 97 = 27

. No, impossgible. Since if & - divident. b - divisor, k - guotient.

r = remainder., then a-k b+r and last figure of number is a last fipure o
the result by corresponded operation over lasts tigures kK. b & r, i.e.
the Jast tisure of nuber is 3-5+7=22

s}

oY

4. Draw BM up to intersection with the side AC
at point E. Then: AE+AR > EBR = AE+EC+AR > KB+
+BC = KO + (BM+MB) = (EC+EM) + MBE > MO4+MB.

5. Answer. S328x777=0525%205.

I'raw from the vertex B of equilateral
riangle a altitude BE to side AD. Then the
rea triangle AEE is equal to the area of
triangle ABC., since altitude BE is the median
of triangle ADB too. Therefore. the area of
triangle AEB is egual to half area of triangle
ADE. lHence, altitude EK of right triangle AER
is equal to altitude CM of triangle ARC. D
Thus, triangles AEB and BCA are esqual.

Actually., into half-circle with diameter AB we can copstruct
exactiyv two equal right triangles of given altitude.

{I1L's possible a algebraic way to prove the equality of right
triangles bv hvpothenuse and altitude). From the equality of

s 30° & &0°

’Jx

triangles we deduce that in ABC acute angle
/. Dencte by ¥ the price of bubble. Then Moshe has 0<u%-15 agorot and Yosi
has 0=x-1 agorot. Bv problem g condition: %-15 + x-1 < % e %<16. But ==15.

-

Thus. ==19 agorcet. Hence. Yosi had 14 agorot, and Moshe had no mon=ay at all.

Answer. [8]: (4]+[3]=15]
(1] (2]
(7] - [8] +[3] = [10]

Wuick probiems.

1

-
i

1 ) P
h = b
I8 .
5 N v s . . . - . T . g 1€ -0 ,,r,_u
= h :H?h:h]. triangle is issosceles and right. Angles 0" A5 »

PRV-ARE S | ot b § PR gl PR AL DR b 5 T -~
A - 2 -6 = (3 +Z {3 -2 ).

99
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ter problems.

second equation of the system as gquadratic relatis
vEU (otherwise | is undetermined ), we get 1o

equation

4
!

cnoe

in taken notion:

T
VvV 420V

2 0 W . rs
25v +Byv+1 ) + 4

e

O

)]

=10

Z-nd equation becomes

irst cage 4 R T nee given that [yvls and
£ M
v has to satisfy system of inegualities
. By straightforvard jogarithm 4 = oLy the basze

o+ L= ~log By using this we can rewrite equalit

7.

BHAE: P

B2in =

s

m equivalents
v

v-sin v sin x = log |sin x| + log, —2o—

Tz +3y

1+3§;;]

LmLry 83/ G 4 s
4 I e
s Sy+1
fv]=1
L, Lz A . »
J -SoEIn ¥ o+t vesin y - 3 o= log 'S,n Xi ) SDeEinw 4 vosin ¥ o+ 3
2 %

ma= {933

-y '®sin x - 3 = 0 — R .
. But max (Z-sin x - vosin X - 33 =
Py b S
- 8in = - &, Z +osin ®x - 3 % G0, d.e. for any ®Z.y

100

q=

.
D

+
[
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P




= omAax fZ-ain ¥
that |v] £ 1
only it

(

‘Vy - ]
1 gin x = -1

Thus, as equivalent

{0 ]
- gin x = -1

v o= -]
. { . l

gin x =

to the svstem,

S0. we have that

Answer: v = -

-

from the given

Anid the first pair {

Lisfiles the given

for arm

and the equality can he

Sy
=Y
Syt

svstem.

.V osuon

reached

when v = 1.



MNilitaty secrets:

In military situsetion the value of sine can reach "4

- The military secret i1s not what vou re learning., the
arae learning this.

~ Do you hope thatit vour grade on exam will be 80" 7?7 Ye

but it doesn’t help vou to grow esasy.
- What do you, mr. student, draw such unegual sguure 7

Clhwervation:

-~  The face on the foto must be guadratic

it
e

‘s have to remember that

,.

anvthing vou

' Piodis the lrrational number, otherwise it

This integral so simple that can be taken without “dx

- The asascnce of gravitation power I prove within & cour

Advice:

- You need to clean a car by hot water since incrsasing

Cn the Jacture on civil def

ing nuclear attack is necessary to entrench onesel
of burns. Just as a corpses of entrenched soldiers ha
The zone of hitting is consist of zones ALB,C.D. The
at the zZone A. And besides very interesting that the

at the eplcent

Definitions:

1]

What & a lattice 7 The lattice is a metal sheet with
~ Ellips is a circle inscribed into sguare x4

~  Bush is a botality o

51

i
statistic data that a corps=as of uaentrenched scldiers

£ branches and leaves sticking »ub

£
I .
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brc

nks
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en

into it
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